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Abstract
Shells are thin-walled curved structures that react efficiently under
applied load. They carry transverse loads by generating membrane
stresses. However, inefficient bending stresses can also be generated.
Bending stress suppression can result in more efficient use of ma-
terial and improvement of load carrying capacity of shells that is
accompanied by significant weight reduction. These benefits mani-
fest themselves as a result of uniform load distribution through the
thickness. Suppressing the bending moment and curvature changes
simultaneously results in a bend-free design. This thesis considers
a family of structures, i.e. super ellipsoids of revolution which are
designed to have bend-free states under uniform internal pressure.
Super ellipsoids of revolution have several advantages compared to
conventional geometries. They have excellent packing efficiency as
they can asymptotically approach a cubic shape. Moreover, they have
small stress gradients because of their smooth variation of geometri-
cal curvature. Super ellipsoids of revolution are inherently integrated
which minimises the use of joints and assembly costs. Generalised set
of governing equations for bend-free states in composite super ellip-
soids of revolution are developed and solved analytically. Bend-free
designs are obtained by tailoring the stiffness using tow steering tech-
nology. Potential benefits of bend-free pressure vessels enabled by
variable stiffness composite designs, make them possible candidates
for the future pressure vessels. Failure performance of pressure ves-
sels is an important aspect for safety reasons. Therefore, the first-ply
failure pressure is determined for bend-free variable angle tow ellip-
soidal pressure vessels and compared against conventional constant
stiffness composite vessels using both Tsai-Wu and three-dimensional
invariant-based failure criteria. Parametric studies evaluate the ef-
fect of various material properties on the difference in failure load
predicted by these criteria that provides physical insight.
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Shells are bio-inspired engineering structures that are described as the space
within two curved surfaces, where their distance, termed the thickness, is assumed
to be significantly small compared with the other two dimensions. Examples of
shell in nature are eggs, skulls, leaves, wings of insects and seashells. Shells can
efficiently withstand external transverse loads by developing in- and out-of-plane
stresses. Due to their small thickness, they exhibit high strength-to-weight ratio,
which makes them interesting structures in various engineering applications.
Human-made shell structures have been used for building masonry and stone
domes since ancient times. Shells, resembling those used today, are widely used
as roof structures in buildings. They are designed and constructed in different
shapes and usually made of reinforced concrete. Shell roofs can cover long spans
without using internal supports, e.g. columns, that provides an open interior
design.
Shells are used as water retaining structures, tall silos (up to 60 metres), arch
dams (up to 300 metres high), containments in nuclear power plants, tall chim-
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neys and cooling towers (as high as 200 metres) (Farshad, 2013).
In aerospace and marine engineering, saving weight is considered to be an im-
portant factor for reducing fuel consumption and carbon emissions. Therefore,
shells as efficient structures, are widely used to form components of aircraft and
spacecraft structures, missiles, ships and submarines. In mechanical engineering,
shells are used in pipelines, pressure vessels, wind turbines and in construction
of light-weight vehicles. In particular, using shells in pressure vessels results in
light-weight structures capable of carrying large amounts of internal pressure.
Some of these applications for shell structures are shown in Fig. 1.1.
a b
c d
Figure 1.1: Examples of shell structures. (a) L’Oceanografic at the City of Arts
and Sciences in Valencia, Spain (Gabaldón, 2010). (b) Cooling towers of Dukovany
Nuclear Power Plant (Sedláček, 2013). (c) Storage tank for liquid hydrogen fuel
(Fawls, 2013). (d) Aeroshell for NASA’s Mars 2020 mission (LMS, 2020).
The geometry of shell structures should be described mathematically to es-
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tablish the system of three-dimensional equations of continuum mechanics repre-
senting their mechanical behaviour. To this end, the shell’s shape can be defined
by a reference surface, usually the middle surface, the thickness and the direction
perpendicular to the reference surface which is the shell normal direction.
Several theories have been developed to describe the mechanical behaviour of
shell structures. Some assumptions can reduce the complexity of equations by
simplifying them. One of the most well-known assumptions that are used in sev-
eral theories is Love-Kirchhoff assumption which neglects the shear transverse
deformations. Under this assumption, straight lines initially normal to the mid-
dle surface remain straight and normal with unchanged length after loading. The
Love-Kirchhoff assumption greatly simplifies the equations representing the me-
chanical behaviour of shells. On the other hand, having the analytical expression
for the geometry of shells reduces the complexity of the equations representing
their mechanical behaviour. As a result, these equations could be solved analyt-
ically. However, for many cases, solving these equations analytically results in
difficulties. Therefore, they are usually solved using numerical techniques such
as finite element, finite volume, finite difference, spectral, and boundary element
method (Zienkiewicz, 1992).
Rotating a curve around its axis results in a shell of revolution that can be de-
fined analytically. A super ellipsoid of revolution is obtained by rotating the
Lamé curve around one of its axes (see Fig. 1.2). The general equation rep-
resenting this geometry is valid for a family of structures with different shapes
and packing efficiencies. The general expression for super ellipsoids of revolution
provides scope to benefit from its advantages and the freedom in terms of variety










Figure 1.2: Lamé curves (see Eq. 3.1).
Like many other engineering structures, shells can be made of different ma-
terials based on their applications and their desired performances. Among all
possible materials, composite materials are appealing as they can have several
subsequent benefits. Composites materials are produced by combining more than
one constituent material where the resultant material has improved mechanical
properties than the individual constituent materials. They can be found widely
in nature such as woods, stones and bones. The use of composite materials by
humans is deep rooted in history. One of the earliest significant examples of us-
ing composite is by Egyptians in 1500 B.C., where they glued strips of wood at
various angles to construct strong and durable buildings. However, modern com-
posites as known today did not come about until the 20th century by introducing
glass fibres in the 1930s (Kaw, 2005).
The first application of fibre glass composites dates back to 1937 when Ray Greene
built the first composite boat (Marsh, 2006). In 1939, Russia made the first com-
posite passenger boat that could carry 125 passengers and was crewed by 12
people. In the same year, the United States made the fuselage and the wing of an
aircraft using fibre glass composites for the first time (Post, 1939). In the 1940s,
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several attempts were made to use composite materials in the automotive indus-
try. However, the first vehicle in which the entire body panels and structures
were made of fibre glass reinforced composites was Stout Scarab in 1946 (Gandhi
et al., 2020). In 1948, fibre glass pipes were introduced for the oil industry and
were used widely due to their advantages in terms of corrosion resistant compared
with other common materials such as steels (LeBlanc and Palsson, 2013).
First carbon fibres were cellulose-based and invented by Joseph Wilson Swan to
be used in light bulbs (Swan, 1885). In 1958, petroleum-based carbon fibres were
invented by Roger Bacon (Roger, 1960). These carbon fibres were only about 20%
carbon (Composites, 2006). Therefore, they were not as strong as today’s carbon
fibres. In early 1960, Akio Shindo invented carbon fibres with about 55% carbon
using a cost-efficient production method (Acatay, 2017; Composites, 2006). In
1963, UK Ministry of Defence introduced a new carbon fibre manufacturing pro-
cess that resulted in stronger carbon fibres in comparison with available carbon
fibres at the time. Several other types of carbon fibres with up to 95% carbon
have entered the market since the 1970s (Composites, 2006).
Composite materials provide an opportunity to design structures such that fibres
are aligned to the loading direction. Therefore the stiffness of composite materials
can be used in an optimum manner. Benefits of composite materials such as high
specific stiffness as well as specific strength and corrosion resistance make them
interesting materials to be used in a variety of applications in different industries
such as automotive and aerospace.
Composite materials have been first used in aircraft during the Second World War
(Gandhi et al., 2020). Using composite materials in aircraft results in weight re-
duction and, consequently, reducing fuel consumption that is profitable due to
fuel cost reduction. In other words, light-weight aircraft can fly long distances
with a lower amount of fuel. Moreover, weight reduction can also reduce carbon
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footprint and associated environmental issues. Using composite materials in con-
structing aerospace structures has steadily increased over time (see Fig. 1.3). The
Boeing 787 Dreamliner is a family of large commercial aircraft in which about
50% of the weight including the entire fuselage are made of composite materials.
The Airbus A350 is a commercial aircraft with about 52% of mass made from











































Figure 1.3: Trend of using composite materials in aircraft design (Gandhi et al.,
2020).
1.2 Motivation
Non-circular structures under internal or external pressure are commonly used
in applications such as pressure vessels, submarine structures, aircraft engine
ducts and fuel tanks. Furthermore, they can potentially be used for blended-
wing body aircraft that is an efficient concept in which the fuselage is blended
6
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with wings without any clear dividing line that separates them (see Fig. 1.4)
(Hilburger et al., 2001). Pressure vessels are the most common examples among
all possible applications for non-circular structures under internal pressure. They
are widely used to store and transport liquids and gases in several industries
ranging from space as shuttle structures to oceans as submarines. There is a
renewed interest in designing efficient pressure vessels due to the recent strategies
in the transition to hydrogen as a main power source. This indicates the need
for designing lightweight vessels that can be used in different industries including
the transportation sector, where weight reduction has become a central design




Figure 1.4: Applications for non-circular structures. (a) Blended-wing body
(DLR, 2013). (b) Fuselage (Boeing 747 Dreamlifter) (Kovalchek, 2011). (c) Sub-




Structures with elliptical cross-sections are aerodynamically more efficient
compared to their counterparts with circular cross-sections (Kolom, 1991). More-
over, these structures have higher packing efficiencies in comparison with circular
structures. In other words, in such structures, space is more efficiently used.
For instance, as shown in Fig. 1.5, a sphere occupies less volume in a rectangu-
lar prism compared to an ellipsoid of revolution, which is a non-circular structure.
(a)
(b)
Figure 1.5: (a) Circular structure. (b) Non-circular structure.
8
1.2 Motivation
Depending on the application under consideration, higher packing efficiency
provided by non-circular structures can have subsequent benefits. For instance,
higher packing efficiency for fuselages that is achievable by using fuselages with
non-circular cross-sections, e.g. blended-wing bodies, means more space for pay-
load, cockpit and aircraft’s systems. As for pressure vessels, using non-circular
structures means increased storage capacity while occupying the same space as
circular structures. As such, pressure vessels can efficiently be used to store hy-
drogen and supply fuel in automobiles. In such applications, the optimum use
of space is essential and storing more fuel enables driving for longer distances
without the need for frequent refuelling.
One of the difficulties arising from the design of non-circular structures is that
they normally tend to become circular in cross-section. Structures with circular
cross-sections under internal pressure develop hoop tensile stresses in their walls.
While, structures with non-circular cross-sections under internal pressure are ad-
ditionally subjected to bending stresses that vary through the cross-section and
tend to make the cross-section circular. Such bending stresses create structural
inefficiencies by elevating the stress levels beyond those of similar circular struc-
tures (Kolom, 1991).
Suppressing both curvature changes and bending moments simultaneously, in a
structure, is defined as a bend-free design and results in structures that only
generate tension or compression stresses as reactions to applied loads. In other
words, bend-free structures have a nearly uniform load distribution through their
thickness which results in an efficient use of material.
Bend-free super ellipsoidal shells provide a structurally-efficient design that can
be an appealing solution to be widely used in a variety of engineering applica-
tions. This is not only because of the advantages arising from bend-free design
but also because of the advantages associated with this particular geometry. This
9
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family of structures has a smooth variation of geometrical curvature which results
in small stress gradients and therefore can reduce stress concentrations. Bend-
free super ellipsoids of revolution are integrated and blended which minimises the
use of joints and their associated assembly costs. The most striking advantage
of super ellipsoids of revolution is their packing efficiency. These structures can
asymptotically approach cubic shapes which makes them appropriate candidates
for applications in which space is premium.
1.3 Problem description and objectives
Shell structures can bear external transverse loads by developing membrane
stresses together with inefficient bending stresses. For structures under bend-
ing moments, a plane exists, i.e. the neutral plane, in which the structure does
not carry membrane stress, as shown in Fig. 1.6. In other words, the material is
not efficiently used which brings forth the idea of designing bend-free shell struc-
tures where the bending stresses are suppressed, and the structure only generates
membrane stresses as reactions to external transverse loads. Therefore, when
saving weight is important, designing bend-free shell structures is an appealing
solution.
Figure 1.6: A structure under bending stresses.
In isotropic shell structures, bending stresses have been conventionally sup-
10
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pressed by varying the thickness through structures. This method is known as the
thickness variation method and has been used by several researchers (Chicurel
and Wu, 1970; Horne, 1954; Jensen, 1974; Kulkarni and Frederick, 1972; Reissner,
1908). Variable thickness method can lead to geometry change that is the main
limitation of this method that can also result in increasing the overall weight of
the structure as the thickness should be increased to suppress bending stresses.
Moreover, manufacturing structures with thickness variation can be difficult and
costly. Bending stresses can also be suppressed in composite structures. This
is possible by tailoring the stiffness that was conventionally done by varying the
reinforcement volume fraction over the structures (Nemirovskii and Starostin,
1975).
Recent developments in manufacturing processes such as automated fibre place-
ment (AFP) enables tailoring the stiffness locally and point-wise in the structure
by varying the fibre orientation spatially through the structure. As a result, fibres
can be oriented in a designed manner to fully exploit their directional properties,
known as the variable angle tow (VAT) technique. The VAT technique has been
used by several researchers in design for achieving a desired level of performance
in structures. As such, the VAT technique is widely used to improve the buck-
ling and postbuckling behaviour of structures (Groh and Weaver, 2015; Hyer and
Lee, 1991; IJsselmuiden, Abdalla and Gürdal, 2010; Khani et al., 2012; Liguori
et al., 2019; Lopes et al., 2008; Rouhi et al., 2015; van Campen et al., 2012).
Another common potential application for the VAT technique is to enhance the
vibration performance of structures (Abdalla et al., 2007; Akhavan and Ribeiro,
2011; Pereira et al., 2021).
The VAT technique can also be used to suppress bending stresses in composite
structures. In this way, the geometry remains unchanged and therefore the asso-
ciated weight increase can be avoided. White and Weaver (2012) were the first
11
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researchers to use the VAT technique to suppress bending stresses. They tailored
stiffness to satisfy the bend-free condition in their case studies. In particular, they
showed that for ellipsoids of revolution under uniform internal pressure, bending
stresses can be suppressed by stiffness tailoring.
The main original contribution of this research is to tailor the stiffness via fibre
steering to suppress the bending in super ellipsoids of revolution under internal
pressure. In particular, the objectives of this research are summarised as follows:
1. To develop a bend-free design methodology using stiffness tailoring via the
VAT technique for a family of structures known as super ellipsoids of rev-
olution. This bend-free design methodology is in general form. Therefore,
it can be used to design super ellipsoids of revolutions with a variety of
dimensions, and aspect ratios, as required by their applications.
2. To provide a bend-free criterion to assess the state of bending moments
and curvature changes in the structure. This criterion is independent of the
amount of internal pressure in the structure.
3. To verify the bend-free design methodology for some super ellipsoids of revo-
lution and compare their bending states against their isotropic counterparts
using Finite Element Analysis (FEA) in ABAQUS (Smith, 2017).
4. To investigate the failure performance of bend-free pressure vessels and
compare their first-ply failure pressure against those for conventional uni-
directional composite vessels using different failure criteria.
The research in this thesis aims to fill the gaps discovered in the literature that




The thesis is structured as follows:
• Chapter 2 presents a review of the literature relevant to the suppression
of bending stresses in structures. Different approaches presented in the
literature to suppress bending stresses are classified. Moreover, the advan-
tages and disadvantages that arise with each method are commented upon.
Then, the recent literature on tow-steered composites, with emphasis on its
benefits is presented. In this thesis, pressure vessels are considered to be
the main application to evaluate the benefits of this new design approach
and a discussion of relevant literature is presented. In particular, a review
of recent experimental and numerical failure studies on pressure vessels, is
given.
• In Chapter 3, the geometrical description of super ellipsoids of revolution
and their advantages compared to conventional geometries are presented.
Then, the packing efficiency of this group of structures, which is expected
to be their main advantage, is discussed in more details. The outcome of
this chapter is published as a peer-reviewed journal paper (Daghighi et al.,
2020b) and presented in an international conference (Daghighi et al., 2021).
• In Chapter 4, the analytical methodology to suppress bending stresses in
super ellipsoidal composite shells is presented. To this end, three well-
known sets of equations in continuum mechanics (equilibrium, constitutive
and compatibility) are expressed for super ellipsoids of revolution under
uniform internal pressure. In these expressions, the stiffness properties are
described in terms of lamination parameters and material invariants. Subse-
quently, the bend-free condition is imposed in these expressions. Therefore,
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the governing equation dictating the bend-free state in the structure is de-
rived. Then, this expression is used as the basis for subsequent stiffness
tailoring. Some insights into the proposed design concept with allowable
aspect ratios for super ellipsoids of revolution is also presented. At the end
of this chapter, several super ellipsoids of revolution are designed based on
the proposed analytical methodology to have bend-free state by stiffness
tailoring via tow steering. The outcomes of this chapter are published as
two peer-reviewed journal papers (Daghighi et al. (2020a,b)) and presented
in two international conferences (Daghighi et al. (2019, 2021)).
• In Chapter 5, the numerical verification of the bend-free design of super
ellipsoids of revolution under uniform internal pressure is presented. Dif-
ferent super ellipsoids of revolution, designed to have bend-free states, are
modelled and analysed using the commercial FEA software ABAQUS. The
bending state of each super ellipsoid of revolution is subsequently inves-
tigated and compared with its isotropic counterpart. To this end, a new
criterion for the bend-free state is developed and used for numerical valida-
tion of the bend-free design. The outcomes of this chapter are published as
two peer-reviewed journal papers (Daghighi et al. (2020a,b)) and presented
in two international conferences (Daghighi et al. (2019, 2021)).
• In Chapter 6, pressure vessels as potential applications for the proposed
bend-free design are discussed. Therefore, the failure performance of bend-
free pressure vessels is studied and compared with that of conventional
constant stiffness composite vessels. Thus, the first-ply failure pressure us-
ing both Tsai-Wu and three-dimensional invariant-based failure criteria is
obtained for each pressure vessel. Finally, parametric studies are performed
to assess how material properties can influence the difference in failure load
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predictions obtained by using these criteria. In this regard, the Taguchi de-
sign of experiments approach is undertaken. This chapter, not only reveals
the advantages of bend-free design for pressure vessels, but also provides
some useful physical insights for material selection that can be used during
the design process. The outcome of this chapter is published as a peer-
reviewed journal paper (Daghighi and Weaver, 2021).
• Chapter 7 summarises the main conclusions from work carried out here
and the contributions of this thesis. In particular, the benefits associated
with the proposed bend-free design concept for structurally-efficient super
ellipsoidal composite shells are highlighted. Finally, the recommendations
for future work are outlined.
15
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In this chapter, a review of the literature relevant to the bend-free design of shell
structures is presented. A description of shell structures along with the theories
to study their mechanical response are included in Section 2.2. Moreover, the
definition of bend-free design and the advantages given by a bend-free structure
are outlined in Section 2.3. The review addresses different techniques for the
bending suppression in both isotropic and composite structures and the issues
associated with them. Stiffness tailoring is then explained, and previous work on
its applications is highlighted. Furthermore, benefits of stiffness tailoring via fibre
steering for suppressing bending moments in structures are described. Possible
manufacturing technologies for VAT composite laminates are discussed in Section
2.4. Finally, the literature review on pressure vessels, as main applications of the
design method proposed in this research, is presented in Section 2.5. The review




Shells are doubly-curved structures enclosed by two surfaces, where the distance
of two surfaces, termed thickness, is small compared with other characteristic
dimensions. Shells can efficiently carry external loads due to their geometry and
curvature, making them stiffer, and with a higher strength to weight ratio com-
pared to other structures with the same span and dimensions. Shell structures
have several applications in a variety of engineering fields, such as aerospace en-
gineering, automotive engineering, submarine engineering and civil engineering.
Shell structures develop membrane stresses and bending stresses as internal re-
actions to external transverse loading, as shown in Fig. 2.1. Membrane stresses
can be described in the form of in-plane normal stress resultants (Nϕ and Nθ)
and in-plane shear stress resultants (Nϕθ and Nθϕ) acting at the middle surface of
the shell. Membrane stresses result in stretching or contracting the shell without
generating bending deformations. However, bending stresses, generated as reac-
tions in shells, can be described in forms of bending stress resultants (Mϕ, Mθ,
Mϕθ, Mθϕ) and transverse shear stress resultants (Qϕ and Qθ), and they result











Figure 2.1: Reaction forces and moments in an infinitesimal shell element.
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The mechanical behaviour of shell structures under applied load and bound-
ary conditions is described using governing equations. The governing equations
consist of three well-known sets of equations in continuum mechanics, namely
equilibrium, strain-displacement and constitutive equations. In the following
subsections, after describing the geometry of the shell, equilibrium equations,
strain-displacement equations and finally constitutive equations are presented.
2.2.1 Geometry of the shell
The geometry of shell can be described mathematically by defining a reference
surface, usually the middle surface, the thickness and the direction perpendicular
to the reference surface. Each arbitrary position in the shell can be described
by (ξ1, ξ2, ξ) where ξ1 and ξ2 are orthogonal curvilinear coordinates that span
the middle surface, and ξ is the coordinate in the thickness direction (i.e. ξ for
the middle surface is zero) (Reddy, 2006). Position vectors of each point on the











Figure 2.2: Geometry of the shell.
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The square of the distance ds, existing between two points (ξ1, ξ2, 0) and
(ξ1 + dξ1, ξ2 + dξ2, 0), is expressed by (Reddy, 2006)
(ds)2 = dr · dr = α21(dξ1)2 + α22(dξ2)2, (2.1)
where α1 =
√
g11 and α2 =
√
g22 are surface metric tensors. Moreover, g11 = g1 ·g1
and g22 = g2 · g2, where g1 and g2 are vectors tangent to the ξ1 and ξ2 coordinate











Several theories for describing the mechanical behaviour of shell structures have
been developed. Love and Darwin (1888) provided governing equations to de-
scribe the mechanical behaviour of thin elastic shells that are then referred to as
the first approximation theory. Love’s theory is based on the kinematic assump-
tion used in Gustav Kirchhoff plate theory, which is originally the extension of
Jacob Bernoulli’s beam theory. Under this assumption, straight lines originally
normal to the middle surface remain normal and straight with unchanged length
when loading. The Kirchhoff hypothesis directly affect the displacement field as
(Reddy, 2006)












where u0, ν0 and w0 are displacements of the middle surface along the ξ1, ξ2 and













Figure 2.3: Undeformed and deformed geometry of shell under the Kirchhoff
assumption.
There are some inconsistencies in Love’s shell theory that for small rigid body
motion, the strains do not vanish except for shells of revolution under axisym-
metric loading conditions. Other shell theories were proposed to overcome these
inconsistencies (Byrne, 1944; Naghdi, 1957; Reissner, 1952). However, Sanders
(1960) and Koiter (1959), independently, were the first researchers that formu-
lated the improved shell theory that overcomes the inconsistencies arises from
the first approximation theory. In their proposed theory, they modified the dis-
placement field by considering three rotations along with three displacements.
In other words, they relaxed the Kirchhoff assumption by allowing the straight
lines originally normal to the middle surface not to necessary remain normal after
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deformation. In their theory, the displacement field is (Reddy, 2006)
u1(ξ1, ξ2, ξ) = u0(ξ1, ξ2) + ξφ1(ξ1, ξ2),
u2(ξ1, ξ2, ξ) = ν0(ξ1, ξ2) + ξφ2(ξ1, ξ2),
u3(ξ1, ξ2, ξ) = w0(ξ1, ξ2),
(2.4)
where u0, ν0 and w0 are still the displacements of the middle surface, whereas φ1
and φ2 are the rotations of a transverse normal about ξ2 and ξ1 axes, respectively













Figure 2.4: Undeformed and deformed geometry of shell under the modified
Kirchhoff assumption.
Removing the Kirchhoff assumption and considering higher-order displace-
ment components results in more accurate solutions that can capture the nonlin-
earity of the displacement filed through the thickness. Linear strain components
in an orthogonal curvilinear coordinate system can be obtained considering the
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and r1 and r2 are two geometrical radii of curvature. The strain-displacement


















































































































In Eqs. 2.4 and 2.9, φ1, φ2 are rotations around ξ2, ξ1, respectively, and are


















As mentioned earlier, all strain components can be obtained from the displace-
ment field. Therefore, components of strains are not independent of each other,
and there are some relations, known as compatibility equations, that relate them


















































































































In-plane stress resultants, Nij (i, j = 1, 2), acting on a shell element are derived by
integrating the stresses over the entire shell thickness. Similarly, bending stress
resultants, Mij (i, j = 1, 2), can be obtained by integrating the moment caused





















































where r1 and r2 are two geometrical radii of curvature and t represents the shell















where Ks is the shear correction factor. Considering that the shell consists of
n layers with uniform thickness, stress resultants can be related to strains and
curvature changes by writing stresses in Eqs. 2.12 and 2.13 in the form of stiffness,































































































In these equations, Q̄ij are the transformed stiffness to the global system that can
be obtained using reduced stiffness for unidirectionally reinforced lamina stiffness
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Qij as (Reddy, 2006)
Q̄11 = Q11 cos
4 θ1 + 2(Q12 + 2Q66) sin
2 θ1 cos
2 θ1 +Q22 sin
4 θ1,
Q̄12 = (Q11 +Q22 − 4Q66) sin2 θ1 cos2 θ1 +Q12(sin4 θ1 + cos4 θ1),
Q̄22 = Q11 sin
4 θ1 + 2(Q12 + 2Q66) sin
2 θ1 cos
2 θ1 +Q22 cos
4 θ1,
Q̄16 = (Q11 −Q12 − 2Q66) sin θ1 cos3 θ1 + (Q12 −Q22 + 2Q66) sin3 θ1 cos θ1,
Q̄26 = (Q11 −Q12 − 2Q66) sin3 θ1 cos θ1 + (Q12 −Q22 + 2Q66) sin θ1 cos3 θ1,
Q̄66 = (Q11 +Q22 − 2Q12 − 2Q66) sin2 θ1 cos2 θ1 +Q66(sin4 θ1 + cos4 θ1),
Q̄44 = Q44 cos
2 θ1 +Q55 sin
2 θ1,
Q̄45 = (Q55 −Q44) cos θ1 sin θ1,
Q̄55 = Q55 cos
2 θ1 +Q44 sin
2 θ1,
(2.16)

















E1, E2, G12 are the longitudinal, transverse and in-plane shear moduli, respec-
tively. G13 and G23 are out-of-plane shear moduli, and ν12 is the Poisson’s ratio
for a unidirectional lamina (Reddy, 2006). For the shallow shell, ξ/R1 and ξ/R2
are negligible and therefore N12 = N21, and M12 = M21. Eqs. 2.14 and 2.15 can
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where A is the in-plane stiffness matrix, B is the coupled stiffness matrix and D
is the out-of-plane stiffness matrix and are described by (Reddy, 2006)
















































ij (ξk+1 − ξk). i, j = 4, 5
(2.19)
Tsai and Pagano (1968) introduced a new concept of lamination parameters that
are trigonometric functions of orientation. Hahn and Tsai (1980) proposed a
new description of stiffness properties using a linear combination of thickness,
12 lamination parameters and five material invariants (see Fig. 2.5). Material
invariants, as their name would suggest, are independent of the orientation and


















𝑈 = [𝑈1 , 𝑈2 , 𝑈3 , 𝑈4 , 𝑈5]
Equivalent properties
𝜃1 = [𝜃1
1 , … ,𝜃1
𝑁]
𝑡 = [𝑡1, … , 𝑡𝑁]
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𝑁
(𝐸11, 𝐸22, υ12 , υ21, 𝐺12, 𝐺13, 𝐺23)
Stacking sequence
Figure 2.5: Lamination Parameters.
Miki and Sugiyama (1991) introduced the optimum design approach using
lamination parameters for laminated composite plates. They used their proposed
design method to obtain the required in-plane and bending stiffness for optimising
the buckling performance and natural frequency of laminated composite plates.
Since then several researchers used lamination parameters in design (Albazzan
et al., 2019; Autio, 2001; Bloomfield, Herencia and Weaver, 2009; Bloomfield
et al., 2010; Fukunaga et al., 1995; Fukunaga and Vanderplaats, 1991; Hammer
et al., 1997; Herencia, Haftka, Weaver and Friswell, 2008; Herencia, Weaver and
Friswell, 2008; Honda et al., 2009; Hong et al., 2020; IJsselmuiden, Abdalla and
Gürdal, 2010; IJsselmuiden et al., 2009; Khani et al., 2010; Liguori et al., 2021;
Liu and Haftka, 2004; Liu et al., 2004; Peeters et al., 2018; Raju, White, Wu and
Weaver, 2015; Scarth et al., 2014, 2015; Thuwis et al., 2010; Weaver et al., 2016;
Wu et al., 2015, 2017, 2018, 2014).
For example, Fukunaga and Vanderplaats (1991) developed an efficient approach
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to optimise stiffness of orthotropic laminated composite using lamination param-
eters. They used their proposed method for optimising the buckling behaviour of
the orthotropic laminated composite cylindrical shells under combined loadings.
Fukunaga et al. (1995) used lamination parameters to investigate the effects of
bending-twisting coupling and laminate configurations on the buckling load in
symmetrically laminated plates under combined loading. They also obtained the
optimal laminate configurations for such laminated plates to maximise the buck-
ling load. Hammer et al. (1997) maximised the stiffness of laminated plates using
lamination parameters which significantly simplifies the optimisation problem.
Autio (2001) used lamination parameters to optimise the performance of a lami-
nated plate with temperatures and displacement constraints. In particular, they
maximised the buckling load and natural frequency of a laminated plate using
lamination parameters.
Using lamination parameters to describe the stiffness provides scope for opti-
misation studies as the stiffness is represented by a fixed number of variables
independent of the number of plies. In this way, two-level optimisation as ini-
tially proposed by Yamazaki (1996) can be used. Firstly, lamination parameters
are retrieved. Secondly, the lamination parameters achieved in the first level are
subsequently used for finding the equivalent stacking sequences. This indirect
optimisation approach is used by several researchers (Autio, 2000; Bloomfield,
Diaconu and Weaver, 2009; Bloomfield, Herencia and Weaver, 2009; Bloomfield
et al., 2010; Bohrer et al., 2015; Catapano and Montemurro, 2014; Dutra and de
Almeida, 2015; Herencia et al., 2007; IJsselmuiden et al., 2009; Liu et al., 2011,
2015; Montemurro et al., 2012; Todoroki and Haftka, 1998).
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(Q11 +Q22 − 2Q12 + 4Q66).
(2.20)
Therefore, Q̄ij (i, j = 1, 2, 6) can be rewritten using material invariant as (Tsai
and Pagano, 1968)
Q̄11 = U1 + U2 cos 2θ1 + U3 cos 4θ1,
Q̄12 = U4 − U3 cos 4θ1,








U2 sin 2θ1 − U3 sin 4θ1,
Q̄66 = U5 − U3 cos 4θ1.
(2.21)
In-plane, coupled and out-of-plane lamination parameters can be described re-







































In this equation, ξ̄ = 2 ξ
t
is the normalised thickness. Using Eqs. 2.21 and 2.22,
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The general form of the principle of minimum total potential energy states (Reddy,
2006)
















f · δu dv +
∫
Γ′




In these equations, δ symbol is a variational operator. Therefore, δU and δV are
the virtual strain energy and external virtual work, respectively. Furthermore,
subscripted p and n refer to in-plane and out-of-plane stress and strain compo-
nents. In Eq. 2.24, f is the body force per unit volume and s is the surface
traction per unit area of the boundary Γ′. Eq. 2.24 results in equilibrium equa-
tions for shells. This equation is written in a general form. Therefore, different
displacement fields can be substituted for strains in Eq. 2.24. The equilibrium








































































































A fundamental physical principle in classical mechanics is Newton’s laws of mo-
tion consisting of three parts. The third law asserts that “for every action, there
is an equal and opposite reaction” (Murphy, 1982). In other words, a structure
generates internal reactions in forms of bending moments and tension or com-
pression forces to carry a loading condition. When a structure generates bending
moments, there exists a plane known as the neutral plane that is not under any
in-plane stresses, neither tension nor compression. In this way, the material is
wasted, and the design is inefficient. The question raises here on the possibility
to design the structure in such a way to control the generated internal reactions.
Simply put, is it possible to suppress bending moments in structures and design a
structure that only generates tension or compression forces as internal reactions
to the applied load?
Suppressing bending moments in shell structures results in a structurally effi-
cient design as it can carry external applied transverse loads only by developing
membrane stresses. In this way, the material is used efficiently as all parts of
structure uniformly carry the load. Therefore, the structural mass is reduced.
The benefit of weight reduction is a major area of interest in a wide range of
fields, especially in transportation industries as a result of its consequent benefits
on fuel consumptions, environmental issues and costs.
Suppressing bending stresses and curvature changes simultaneously in the struc-
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ture is termed bend-free design. It imposes a new condition to the field equa-
tions (equilibrium, compatibility and constitutive) of the structure that has to
be satisfied. In the following subsections, a review of the literature on different
methodologies for satisfying the bend-free condition on the field equations as well
as their advantages and disadvantages are presented and discussed in details.
2.3.1 Suppressing bending stresses in isotropic structures
Bending stresses in isotropic structures can be suppressed by introducing sec-
ondary loads or by tailoring the stiffness via thickness variation method, where
the thickness varies through the structure. Reissner (1908) was a pioneering re-
searcher in using the thickness variation method, and developed shell equations
with variable thickness. A considerable body of literature focuses on the bending
suppression using the thickness variation method. Horne (1954) used the thick-
ness variation method to suppress bending stresses in shells of revolution under
uniform axial forces. He formulated a general thickness distribution for bend-free
shells of revolution and used it to suppress bending stresses in a particular case
of conical shells.
Murthy and Kiusalaas (1966) obtained an equation for the meridian in isotropic
toroidal-type shells, under uniform hydrostatic pressure, where the bending is
suppressed. Chicurel and Wu (1970) developed a closed-form description for the
variation of thickness with respect to the polar angle to suppress the bending in
isotropic shells of revolution under axisymmetric loads. They showed that the
condition for the bending suppression in isotropic shells of revolution with con-
stant thickness could be satisfied only for spherical geometries.
Chicurel (1972) obtained an exact solution for the geometry of isotropic shells
of revolution in order to have a bend-free state. Jensen (1974) found the thick-
ness variation for ellipsoidal domes that ensures the bend-free state. He showed
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that the thickness variation depends on the loading condition. As such, for ellip-
soidal shells under hydrostatic pressure, the minimum thickness depends on the
direction of the pressure. Farshad (1977a) provided a governing equation for the
moment-less state in rods by imposing some constraints on the deformation field.
He found a geometrical configuration for a moment-less hydrostatically loaded
arch. His findings suggest that the bending suppression results in cross-section
variations. Farshad (1977b), in another research, studied the masonry domes
under general axisymmetric loading conditions. He found the meridional shape
and the thickness variation that satisfied the bend-free condition on the masonry
domes.
2.3.2 Suppressing bending stresses in composite struc-
tures
As discussed previously, in a bend-free design, both curvature changes and bend-
ing moments are simultaneously suppressed. In laminated composite structures,
bending stresses can be suppressed in several ways. For symmetric laminates, the
coupled stiffness matrix (B) is zero. Therefore, the curvature-less states result in
the moment-less state. However, for asymmetric laminates, the bend-free state
requires the zero amount for the multiplication of coupled stiffness matrix and
the strain matrix (Bε = 0).
Kulkarni and Frederick (1972) found the thickness variations that dictates the
bend-free state in the orthotropic shells of revolution in which the meridian ge-
ometry is fixed. Thickness variation method affects the geometry and can lead
to difficulties in the manufacturing process. Furthermore, changing the geome-
try may be impossible in some applications. Another limitation of the thickness
variation method is its direct effect on the structural weight. Increasing the
thickness locally to suppress bending stresses can directly increase the structural
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weight, and therefore it is not an appealing solution. This limitation is especially
important for applications related to transportation industries as a result of its
subsequent disadvantages on fuel consumption, environmental issues and costs.
These limitations bring forth the question on the possibility of using alternative
methods for suppressing bending stresses in composite shell structures. For a
prescribed geometry, the only design variables that can be tailored throughout
the structure are material properties. Composite materials provide scope for tai-
loring the stiffness through the structure. A review of the literature on bending
suppression in a composite structure is presented in the following discussion.
Pao (1969) proposed a new approach to design structures for satisfying the shape
and loading requirements by tailoring the stiffness properties using composite ma-
terials. He demonstrated this design approach to obtain the moment-less state
in axisymmetric loaded shells of revolution. He formulated a condition for the
bend-free state that relates the shell geometry to the strains as
d
dϕ
(rθεθ) + (rθεθ − rϕεϕ) cotϕ = 0, (2.27)
where rϕ and rθ are geometrical radii of curvature, εϕ and εθ are strain compo-
nents, and ϕ represents the geometrical location in the shell. He applied this
bend-free design concept to pressure vessels consisting of a circular cylinder and





















Figure 2.6: Sells of revolution studied by Pao (Pao, 1969).
Pao found a constraint for the bend-free state in the ellipsoidal bulkhead as
Eθ
Eϕ





Pao showed that for spheres, ∆ = 1, Eq. 2.28 results in Eθ = Eϕ. Simply put, the
condition on the bend-free state for spheres can be satisfied using isotropic ma-
terials. He also found the constraints that relate the stiffness of circular cylinder







where K is the ratio between minor and major axes.
Chicurel and Wu (1970) found the relation between two radii of curvature and
the material properties at each position in a closed shell of revolution under uni-
form pressure load that dictates the bend-free state. Chicurel (1972) suppressed
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bending stresses in fibre reinforced composite shells with layers of axially and
circumferentially oriented fibres. To suppress bending stresses, he assumed a
constant density for circumferential fibres and found the variation of density of
axial fibres with the radius of the transverse cross-section of the shell.
Nemirovskii and Starostin (1975) suppressed bending stresses in composite shells
with an arbitrary middle surface. They suppressed curvature changes on the com-
patibility equations and as a result, found a bend-free condition for strains. To
satisfy the bend-free condition, they tailored the stiffness and varied the reinforce-
ment volume fraction. Alternatively, they satisfied these conditions by applying
a secondary load.
Developments in composite manufacturing such as Continuous Tow Shearing
(CTS) technique (Kim et al., 2012), Tailored Fibre Placement (TFP) technique
(Crothers et al., 1997; Hazra et al., 2009; Mattheij et al., 1998; Rothe, 1993; Rothe
and Feltin, 1994; Spickenheuer et al., 2008) and AFP technique (Oromiehie et al.,
2019; Zhang et al., 2020) facilitate stiffness tailoring using the VAT technique. In
the late 1980s and early 1990s, research related to composites with curvilinear
fibre path began to emerge (Chou and Takahashi, 1987; Gürdal and Olmedo,
1993; Hyer and Lee, 1991; Kuo et al., 1988; Luo and Chou, 1988; Olmedo and
Gürdal, 1993).
Chou and Takahashi (1987) developed a general elastic constitutive model for
analysing composites with curvilinear fibres. Luo and Chou (1988) studied the
nonlinear elastic behaviour of composites with curvilinear fibres. Kuo et al. (1988)
assessed the elastic behaviour of composite panels with fibres in the form of si-
nusoidal waves. Hyer and Lee (1991) improved the tensile load capacity and the
buckling performance of composite panels using curvilinear fibres. Olmedo and
Gürdal (1993) analysed the buckling behaviour of composite panels with curvi-
linear fibre orientations. Gürdal and Olmedo (1993) investigated the stiffness
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variation as a result of fibre steering and its effects on the elastic response of
composite panels.
Hyer et al. (1994) published a technical report on NASA about the design, man-
ufacturing and testing of plates using the curvilinear fibre trajectory concept.
They showed the possibility of manufacturing a plate with the curvilinear fibre
trajectory using the fibre placement process.
Since then, several researchers exploit the VAT technique to tailor the stiffness
for achieving the required structural performance (Abdalla et al., 2007; Akha-
van and Ribeiro, 2011, 2018; Akhavan et al., 2013a,b, 2014; Blom et al., 2010;
Chen et al., 2018; Coburn and Weaver, 2016; Coburn et al., 2014; Gomes et al.,
2014; Grenoble et al., 2018; Groh and Weaver, 2015; Haldar et al., 2020; Honda
et al., 2013; Honda and Narita, 2011, 2012; IJsselmuiden, Abdalla and Gürdal,
2010; IJsselmuiden, Abdalla and Gürdal, 2010; Khani et al., 2012, 2015, 2017,
2011; Liguori et al., 2019; Lopes, Camanho and Gürdal, 2010; Lopes et al., 2008;
Lopes, Gürdal and Camanho, 2010; Oliveri et al., 2019, 2021; Peeters et al., 2019;
Pereira et al., 2021; Pitton et al., 2019; Raju, White, Wu and Weaver, 2015; Raju
et al., 2012; Raju, Wu and Weaver, 2015; Ribeiro, 2012; Ribeiro and Akhavan,
2012; Rouhi et al., 2015; Telford et al., 2018; van Campen et al., 2012; Wang
et al., 2020; White and Weaver, 2012, 2016; White et al., 2015; Wu, Raju and
Weaver, 2013b; Wu et al., 2015, 2018; Wu, Weaver and Raju, 2013; Wu et al.,
2012; Zucco et al., 2021).
Abdalla et al. (2007) tailored the stiffness using the VAT technique to maximise
the natural frequency of composite panels. They demonstrate the possibility of
improving the vibration performance of laminated composite panels, e.g. increas-
ing their fundamental frequency by varying the fibre paths without increasing the
structural weight.
Lopes et al. (2008) showed that the load path can be redistributed within the com-
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posite laminate to achieve the desired stress distribution and threfore improve the
laminate performance. In particular, they demonstrated the benefits of VAT com-
posite panels over unidirectional fibre composite panels in terms of the buckling
and the first-ply failure performance. The buckling performance improvement in
their study using the VAT technique, depending on the manufacturing method,
ranged from 10.7% (tow-drop method) to 35.8% (overlap method). Moreover,
the first-ply failure load of fibre steered laminates, in their study, improved by
33.9% compared to their unidirectional fibre counterparts.
IJsselmuiden, Abdalla and Gürdal (2010) showed an improvement in buckling
performances of the variable stiffness panel compared to the optimum constant
stiffness panel. They improved the yielding buckling load of laminates by steering
the fibre for 189% compared to quasi-isotropic laminates. Akhavan and Ribeiro
(2011) showed that specific frequencies and/or vibration mode shapes are achiev-
able in a composite laminated plate using the VAT technique. This is especially
beneficial as it provides scope to control the natural frequencies without chang-
ing the dimensions of the structure. Therefore, the natural frequencies can be
increased or decreased to avoid resonance.
Khani et al. (2012) improved the buckling performance of variable stiffness cylin-
ders compared to constant stiffness cylinders. They redistributed the sectional
axial forces in cylinders by stiffness tailoring to involve a larger area of the cir-
cumference in the buckling and therefore efficiently use the material. As such,
they obtained 29.6% and 23.9% buckling load improvements for the linear and
nonlinear analysis of circular cylinders, respectively, compared to the constant
stiffness design.
van Campen et al. (2012) showed that the critical buckling load of the VAT plate
is 52% larger than that of the constant stiffness plate. Wu et al. (2012) devel-
oped a new mathematical description that represents the nonlinear distribution
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of fibre orientation in VAT plates. They studied the distribution of the prebuck-
ling load and the critical buckling load of the VAT plate using the Rayleigh-Ritz
approach. Finally, they maximised the buckling load of VAT plates using their
proposed nonlinear description of fibre variations.
Honda et al. (2013) presented a multi-objective optimisation approach for max-
imising the in-plane strength and the fundamental frequency and minimising the
average curvature for fibres. They demonstrated the improvement of mechani-
cal performances for VAT plates compared to unidirectional laminated composite
plates.
Akhavan et al. (2013a) investigated the failure performance and the natural fre-
quency of VAT laminated composite plates and compared the results against
those for constant stiffness laminated composite plates. According to their find-
ings, the failure can be postponed in VAT laminated composite plates. Moreover,
the vibration performance, i.e. the fundamental natural frequency, can signifi-
cantly increase in VAT laminated composite plates.
Wu, Raju and Weaver (2013b) performed a parametric study on the postbuckling
performance of VAT plates and compared the results against those for straight
fibre plates. Their findings demonstrated the potential of using the VAT tech-
nique to enhance the postbuckling performance of laminated composite plates.
Groh and Weaver (2015) showed that the bucking behaviour of panels can be
improved using the VAT technique compared with the buckling performance of
their straight fibre counterparts. In particular, they showed that mass reduction
of 31% is achievable using the VAT technique for square and rectangular aircraft
panels considering predefined manufacturing constraints, which has a predefined
static failure load and a predefined buckling load.
Rouhi et al. (2015) used the VAT technique to improve the bending-induced buck-
ling performance in cylinders. The buckling performance improvement in their
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study ranged from 9% to 57% depending on the bending load direction. Raju, Wu
and Weaver (2015) investigated the buckling and the postbuckling performance of
VAT laminated composite plates and compared the results against those obtained
for unidirectional composite plates. Their findings showed the improvement of
the buckling and the postbuckling behaviour for VAT plates compared to the
unidirectional composite plates.
Oliveri et al. (2019) redistributed the load in a composite wingbox by steering the
tow, which improved the buckling performance. In particular, the first buckling
load of steered composite wingbox was about 13.5% larger compared to the first
buckling load of its straight fibre counterpart.
Liguori et al. (2019) optimised the buckling and the initial postbuckling behaviour
of the wingbox proposed by Oliveri et al. (2019). They considered three optimi-
sation cases in their study and found a new curvilinear fibre path in each case to
improve the buckling performance in the composite wingbox. In the first case,
they improved the buckling load by 25.97% and reduced the out-of-plane displace-
ment in the postbuckling regime by 81.31% compared to their baseline design.
In the second case, although they could not significantly improve the buckling
load, they obtained a stiffer structure compared to their baseline wingbox. In
the third case, they reduced the weight by 6.48% while enhancing the buckling
load by 3.48% and reducing the out-of-plane displacement in the postbuckling
regime by 29.91% compared to their baseline design. This work demonstrates
the importance and flexibility of design when tailoring the stiffness.
Wang et al. (2020) tailored the stiffness of a wingbox using the VAT technique by
considering its local buckling performance due to aeroelastic loads. They reduced
the mass by 12.5% compared to its quasi-isotropic counterpart design. Pereira
et al. (2021) showed that dynamic characteristic such as damping of composite
laminates are significantly improved using the VAT technique.
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White and Weaver (2012) suppressed bending stresses in composite laminated
shells by tailoring the stiffness via fibre steering. They applied their proposed
bend-free method to two examples. They showed that a fully bend-free state can
be achieved in ellipsoids of revolution under uniform internal pressure. However,
their findings suggests that for an elliptical cylinder, a fully bend-free state is
only viable by applying an additional secondary loading.
Several questions still remain unanswered regarding the bend-free design using
the VAT technique. As such, further research is required to verify the results
suggested by White and Weaver (2012). Moreover, this design approach can be
generalised for more complex geometries. This would be a fruitful area for further
work that is investigated in details in the current thesis.
2.4 Manufacturing technologies for VAT com-
posites
In the 1990s, the TFP technique was introduced by the Institute of Polymer Re-
search Dresden (Crothers et al., 1997; Mattheij et al., 1998; Rothe, 1993; Rothe
and Feltin, 1994). TFP is an embroidery technique that stitches dry tows with
yarns to embed them in a layer, as shown in Fig. 2.7. In TFP, the fibre orienta-
tions are converted to stitching patterns using computer-assisted design models.
TFP technique made it possible to place fibres in any in-plane curvilinear path
from 0◦ to 360◦. Simply put, the TFP technique made it possible to align the
fibre with the load path that resulted in realising the full load-carrying potential
of composite structures.
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X, Y: Possible move directions
X
Y
Figure 2.7: Schematic of tailored fibre placement (Mattheij et al., 1998).
The AFP is an advanced technique for manufacturing composite structures
that makes it possible to place fibres also in out-of-plane curvilinear paths (see
Fig. 2.8).
Figure 2.8: AFP machine manufacturing a doubly-curved structure (UL, 2021).
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Using AFP provides an opportunity to manufacture VAT composite structures
with complex geometries. The AFP technique was developed independently by
Boeing, Cincinnati Machine and Hercules (Kim et al., 2012). In this technique,
pre-impregnated tows are laid down in predefined curved paths and then are
pressed on to the mould (see Fig. 2.9).
Travel direction
Consolidation force Tape cut
Tape feed
Tape
Figure 2.9: Schematic of AFP head.
The curing temperature, the lay down speed and the consolidation force are
three factors that highly affect the quality of manufactured composite structures
using the AFP technique. Therefore, to have a robust manufacturing, they should
be optimised accordingly (Bendemra et al., 2014; Pitchumani et al., 1997; Qureshi
et al., 2014). The AFP manufacturing technique for composite laminates associ-
ated with some defects such as gaps, overlaps and waviness (see Fig. 2.10).
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Overlaps Gaps
a b
Figure 2.10: (a) Tow overlaps produced by AFP. (b) Tow gaps produced by AFP
It is possible to minimise the thickness variation resulted from gaps and over-
laps by appropriately choosing the lay down speed. Moreover, some techniques
can be used to alleviate the thickness variation such as the tow-dropping method
(Lopes et al., 2007), the CTS technique (Kim et al., 2012) and the spreading
tapes (Clancy et al., 2020b,a).
In the tow-dropping method, tows are cut to prevent overlaps. However, it re-
sults in many fibre discontinuities which may affect the structural performance
(Lopes et al., 2007). In particular, cutting tows leads to small triangular resin-
rich areas without any fibres. Tow-drop locations are potential areas for matrix
cracking initiation or delaminations as a result of the local amplification of in-
terlaminar stresses (Falcó et al., 2014). As such, Blom et al. (2009) investigated
the effect of tow-drop areas on the strength of constant thickness VAT laminates.
Their results suggest that damage is started at tow-drop locations. Moreover,
they showed that using wider tows results in larger tow-drop areas and therefore,
more strength reductions.
In the CTS technique, each tow can follow the designed path without any in-
plane bending deformations in tows using the shear deformation characteristic.
Fig. 2.11 shows tow deformations in the CTS technique and the conventional
AFP. As shown in Fig. 2.11, for tows manufactured by conventional AFP, fibres
outside the reference tow path stretch while fibres inside the reference tow path
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buckles. However, in the CTS technique, the in-plane shear deformation charac-
teristic of tow is used to eliminate tows bending. Therefore, in composite lami-
nates manufactured by the CTS technique, the fibre buckling and straightenings,
gaps, overlaps and fibre discontinuities are significantly reduced that improves










Figure 2.11: Tow deformation (a) Conventional AFP technique. (b) CTS tech-
nique (Kim et al., 2012).
In the spreading tape method, as can be understood from its name, the width
of the pre-preg tapes can vary in a controlled manner based on the location in
order to avoid gaps and overlaps. In this technique, the spreading step consists
of a compaction roller and heated platen, which can vary the tape’s width in a
controlled manner. This step is added before the consolidation process in the
AFP. Variables in the spreading process are heat, pressure and rate that need to
be chosen properly to change the width while steering the tape. The spreading
tape technique is particularly beneficial as it provides an opportunity to avoid
48
2.5 Pressure vessels
wrinkles, fibre cuts, gaps and overlaps when manufacturing doubly-curved struc-
tures. Since in doubly-curved structures, wider tapes are needed at the equator







Figure 2.12: Variation in tape width from pole to equator in doubly-curved
surfaces.
2.5 Pressure vessels
Pressure vessels are containers that are designed to contain media under pressure
and have various applications ranging from chemical plants to automotive and
aerospace industries. The design of pressure vessels is deep-rooted in history.
In 1495, Leonardo da Vinci was the first designer who referred to the design of
pressure vessels in Codex Madrid and described how to lift heavy weights using
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containers of pressurised air (Da Vinci, 1998). Design of pressure vessels has
gained a lot of interest since the 1800s when steam became the main source of
power as part of the industrial revolution.
Pressure vessels are mostly spherical, conical or cylindrical with end closures, also
known as heads. Heads for cylindrical vessels can be flat or rounded with different
shapes. As such, they can be hemispherical, semi-ellipsoidal, torispherical, conical




Figure 2.13: Head types for pressure vessels. (a) Hemispherical. (b) Semi-
ellipsoidal. (c) Torispherical. (d) Conical. (e) Toriconical.
The shape of each pressure vessel has to be precisely chosen based on its ap-
plication. Several factors are involved in choosing the shape for pressure vessels.
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As such, the working pressure and temperature, the volume of the media to be
stored, nature of the media to be contained, location and intended service are
important factors that affect the choice (Ray and Das, 2020).
Spherical pressure vessels are commonly used for storing high pressure liquids and
gases. This is due to the fact that in spherical pressure vessels, stresses are evenly
distributed throughout the structure. Simply put, isotropic spherical vessels are
bend-free. Therefore, they can have thinner wall thicknesses for a given pressure
compared to cylindrical pressure vessels (Ray and Das, 2020).
Application of pressure vessels can be classified into three main groups where each
category serves a different purpose (see Fig. 2.14). The most abundant category
of pressure vessels applications relates to storage purposes. As its name suggests,
storage vessels are employed for storing gases and liquids and can have different
shapes, including horizontal or vertical cylindrical shapes or spherical shapes.
The second category relates to applications as heat exchangers. Heat exchangers
are used for transferring heat between two fluids for the cooling or the heating
process. Vessels as heat exchangers can be found widely in power plants, petro-
chemical plants, petroleum refineries and chemical plants.
The third category of pressure vessel applications belongs to process vessels which
are used to complete a subprocess as part of an overall process under specific con-
ditions such as pressure or temperature. Some examples of process that can be
carried out in process vessels are blending, separation, purifications and changing
the material states. Process vessels are widely used in various industries such as












Figure 2.14: Flowchart describing classifications of pressure vessels.
The design of pressure vessels has been modified over time based on tech-
nological developments resulting in five types of pressure vessels (see Fig. 2.15)
(LeGault, 2020). Type I pressure vessels are fully made of metals that are heavy
with moderate strength and therefore not efficient for all applications. Type
II pressure vessels are metallic and are reinforced with composites in the hoop
direction. Type III pressure vessels describe metallic vessels which are entirely
overwrapped with composite layers. Plastic liners that are fully overwrapped with
composites are type IV. Finally, the most advanced pressure vessels are type V,
which are entirely made of composites and are usually used in the aerospace in-
dustry. Type V pressure vessels have several advantages over conventional ones,
such as high strength and low weight.
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Figure 2.15: Different types of pressure vessels.
The high specific strength of composite materials results in improved per-
formances of composite pressure vessels and makes them suitable for many ap-
plications where their weight directly influences their performances. Composite
pressure vessels are widely used in aircraft and helicopter structures, firefighting
systems and portable medical systems. The application of composite pressure
vessels has been recently extended to the automotive industry to store gaseous
fuel such as methane or hydrogen, which can reduce environmental issues and
carbon footprints. Cars, trucks and buses have to carry a set of pressure vessels
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to achieve an appropriate mileage between refuelling. Therefore, the weight of
pressure vessels for automotive applications is important and can dramatically
increase the structural weight (Vasiliev and Morozov, 2018).
Hydrogen can be a potential solution for the decarbonising economy by 2050,
as suggested by the EU hydrogen strategy (European Commision, 2020). One
of the main benefits of hydrogen is that it can be stored in large quantities and
for a long time (Irish Energy Storage Association, 2020). Pressure vessels can
play an essential role in addressing the recent issues related to storing hydrogen.
Therefore, the design of lightweight and efficient pressure vessels has received
considerable attention recently.
2.5.1 Failure of pressure vessels
One of the most important considerations in designing pressure vessels is the fail-
ure pressure that should be accurately predicted to have a safe design. Failure
study of pressure vessels is deep-rooted in history and became important after
several explosions of vessels that resulted in a range of damages from minor to
catastrophic in the early 1900s.
After the first industrial revolution, coal-fired steam power became the main
power source. It was widely used as a motive force in different applications such
as factories, railways systems and ships. This new technology of coal-fired steam
power was associated with new risks, and boiler explosion became a common
unaccountable event.
In the 19th century, a “boiler explosion” meant a disruptive failure of pressure
vessels caused by the sudden release of high pressure steam. However, in the 21st
century, it is rare to have a boiler explosion, and it indicates the gas leakage in
gas-fired boilers that has consequently ignited.
By the end of the 19th century, boiler explosions turned into common random
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daily events that were often fatal. Several factors are known to be partially re-
sponsible for boiler explosions. As such, designers had a poor understanding of
materials. Moreover, the quality of materials could be inconsistence with what
was expected. Fatigue and corrosion were not considered in the design. Fur-
thermore, manufacturing and repairment techniques were not appropriate, which
could cause some defects. Finally, operators would increase the pressure when
they needed more power without being aware of the design and maximum allow-
able pressure (Thomson, 2015). Simply put, the main reasons for these explosions
were lack of knowledge in standardisations, material quality and poor manufac-
turing and repairment techniques (Ball and Carter, 2004).
In 1915, the first edition of American Society of Mechanical Engineers (ASME)
codes on boilers and pressure vessels were published (Varrasi, 2009). A large and
growing body of literature has investigated the failure performance of pressure
vessels (Christopher et al., 2002; Han and Chang, 2015; Kangal et al., 2021; Lin
et al., 2021; Nebe et al., 2020, 2021; Rashid, 1968; Sanchez, 2011; Sharifi et al.,
2018; Wang et al., 2016).
Kam et al. (1997) analytically and experimentally assessed the first-ply and burst
failure performance of laminated composite pressure vessels. They also numeri-
cally verified their results using the FEA. They considered symmetrically lami-
nated cylindrical pressure vessels with different laminate configurations and inves-
tigated their first-ply failure performances using different failure criteria. Their
results suggest that depending on the laminate configuration, the first-ply failure
pressure can be overpredicted with respect to experimental results using the Tsai-
Wu failure criterion with an error between 12% to 25%. Based on their findings,
the burst pressure is significantly larger than the first-ply failure pressure. De-
pending on the laminate configuration, this difference ranges from 12% to 66%.
Therefore, they concluded that it is safe enough to use the first-ply failure pres-
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sure for designing pressure vessels.
Chang (2000) used the analytical and experimental approaches to study the first-
ply failure pressure of composite pressure vessels with symmetric laminates. He
considered several radius to thickness ratios, different number of layers and ma-
terial properties in his study. Chang also proposed the optimised design for
laminated composite pressure vessels that maximises their stiffness using numer-
ical results obtained by the FEA. He found [54/ − 54/54/ − 54]s as the optimal
laminate configuration for eight-layer cylindrical vessels under uniform internal
pressure. He evaluated the first-ply failure performance of laminated composite
pressure vessels using Hill, Hoffman, maximum strain and Tsai-Wu failure cri-
teria. Based on the laminate configuration, he showed that the first-ply failure
pressure was underpredicted with a 42% to 56% error using the Tsai-Wu failure
criterion.
Onder et al. (2009) investigated the effects of winding angle and temperature
in composite pressure vessels. They found the optimal orientation for laminates
as [θ1/− θ1]s to obtain the maximum burst pressure in filament wound pressure
vessels. They verified their optimum design using both experimental and FEA
approaches. They used maximum strain, maximum stress and Tsai-Wu failure
criteria for their failure study. They suggested the optimum winding angle of 55◦
for laminates composites and 90◦ for a single lamina in their studied case. Their
results also suggestes that the temperature can highly affect the burst pressure
due to thermal stresses.
Gohari et al. (2015) studied the first-ply failure pressure of a composite ellipsoidal
shell with unsymmetrical laminates. They used the Tsai-Wu failure criterion in
their failure study and used experimental findings for validation. Their analytical
results show that the failure is more critical at the innermost ply. They also as-
sessed the effect of several parameters such as the stacking sequence, the thickness
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and the aspect ratio on the first-ply failure pressure. Their findings suggest that
the failure performance is highly influenced by the thickness, and it is critical for
smaller thicknesses. Moreover, The first-ply failure pressure was overpredicted
with approximately 9% error using the Tsai-Wu failure criterion.
Rafiee and Torabi (2018) investigated the failure performance of composite pres-
sure vessels considering the manufacturing uncertainties. They used different
failure criteria to predict the first-ply failure pressure. They also predicted the
burst pressure based on the continuum damage mechanics using the progressive
damage modelling. Their results were validated by experimental findings. They
considered the winding angle, mechanical and strength properties and the fibre
volume fraction as random parameters to study the manufacturing uncertainties.
The first-ply failure pressure in their studied composite pressure vessels was un-
derpredicted using the Tsai-Wu failure criterion with an error between 13% to
28% depending on the laminate configurations.
2.6 Conclusions
In this chapter, shell structures were introduced as efficient structures that can
withstand external transverse loads by generating membrane stresses in conjunc-
tion with inefficient bending moments. Non-circular shell structures have several
advantages in comparison with circular shell structures such as larger packing
and better aerodynamic performances that make them suitable for a wide range
of engineering applications. However, non-circular shell structures under inter-
nal pressure develop inefficient bending stresses which tend to make their cross-
section circular.
Suppressing curvature changes and bending moments simultaneously in the struc-
ture results in bend-free designs that provide an opportunity to use the full load-
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carrying potential in structures. A literature review has been carried out on the
bend-free design. Bend-free designs are achievable depending on whether struc-
tures are made of isotropic materials or composite materials.
For isotropic structures, the thickness variation method in which the thickness
varies based on the location over the structures has been a common practice as
described in Subsection 2.3.1. Several researchers exploit the variable thickness
method to suppress bending stresses in isotropic structures. As such, Chicurel
and Wu (1970) obtained a closed-form solution for the thickness variation in shells
of revolution under internal pressure that results in the bending suppression. The
main limitation of the thickness variation method is the geometry change, making
it impossible to be used in applications with prescribed geometries. In such ap-
plications, the only design variables that remained to be tailored for the bending
suppression are material properties. Furthermore, the weight increase associated
with thickness variation method is another downside of this method. Finally,
manufacturing a structure with variable thickness can be difficult and costly.
Bending stresses can be suppressed in composite structures by stiffness tailoring
via changing the reinforcement volume fraction. As such, Pao (1969) suppressed
bending stresses in composite shells of revolution by varying the reinforcement
volume fraction in composites. Recent development in manufacturing techniques
provides an opportunity to manufacture composite structures, in which fibres can
be oriented in a curvilinear path. As a result fibres can be designed to be aligned
with the desired load path. Stiffness tailoring via the VAT technique results
in improved performance without increasing the structural weight. The VAT
technique has been only used by White and Weaver (2012) to suppress bending
stresses in composite structures. This literature review discovered many gaps in
the literature regarding the bending suppression. The research in this thesis aims
to fill these gaps as shown in Table 2.1. In particular, these research gaps map
58
2.6 Conclusions
directly to thesis objectives as defined in Section 1.3 (see page 12).
This research mainly focuses on developing an analytical bend-free design method-
ology for stiffness tailoring using the VAT technique for a group of structures
known as super ellipsoids of revolution. Furthermore, prior to this thesis, the
bend-free design has never been confirmed by any numerical modelling. To ad-
dress this gap in the literature, for the first time, this thesis provides a bend-free
criterion to assess the state of curvature changes and bending moments in these
structures. Moreover, the research in this thesis investigates the bending states
in the VAT structures that are designed using the proposed bend-free methodol-
ogy and compared their bending states with those of their isotropic counterparts.
The benefits arising from the geometry of super ellipsoids of revolution, such as
packing efficiency accompanied by the structural advantages of bend-free design,
can result in efficient structures suitable for many engineering applications in
particular pressure vessels.
Composite bend-free pressure vessels can be a solution for addressing the emerg-
ing storage difficulties in various industrial sectors. For the first time, this thesis
presents results on the failure of composite bend-free pressure vessels. In par-
ticular, Section 2.5 reviewed the main literature on failure of pressure vessels.
Failure is an important factor in designing pressure vessels that should be pre-
dicted correctly for safety reasons. Therefore, this thesis investigates the failure
performance of such structures as a dominant factor in designing pressure vessels.
There are several failure criteria for predicting the failure load. Failure criteria
should be selected for each application based on the loading conditions.
In this thesis, the three-dimensional invariant-based failure criterion which con-
siders 3D stresses is used to investigate the failure of a complex structure. As
such, this thesis fills gaps in the literature regarding the influence of the out-




In the next chapter, a family of structures known as super ellipsoids of revolution
are introduced, and their geometry and advantages compared to the conventional
geometries are discussed in detail.
Table 2.1: Gaps in Literature and how they are addressed in this thesis.
Literature Gaps Gaps Addressed
An analytical bend-free design methodology
Bend-free design using stiffness tailoring via the VAT
using the VAT technique technique for a family of structures
known as super ellipsoids of revolution
is developed (Chapters 3 and 4).
Bend-free criterion to assess
Bend-free criterion to assess bending states in structures
bending states in structures independent from the amount of
pressure, is developed (Chapter 5).
The bend-free design methodology for
Verification of some super ellipsoids of revolution
the bend-free design is verified numerically using FEA
in commercial software ABAQUS
(Chapter 5).
Failure performance of bend-free
Failure performance of pressure vessels are investigated
bend-free pressure vessels and compared against those for
conventional constant stiffness
composite pressure vessels (Chapter 6).
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Super ellipsoids of revolution
3.1 Introduction
In this chapter, a family of structures known as super ellipsoids of revolution
is introduced. The geometrical description of super ellipsoids of revolution is
presented in Section 3.2. A review of the literature relevant to super ellipsoids
of revolution and their applications is presented. The advantages of using super
ellipsoids of revolution in engineering structures are explained. In particular, the
packing efficiency of this group of structures is discussed in Section 3.3. The
outcome of this chapter is published as part of a peer-reviewed journal paper
(Daghighi et al., 2020b).
3.2 Geometry










3. SUPER ELLIPSOIDS OF REVOLUTION
In this equation, a and b are two semi-axes and N , that can be any positive real
number, is a shape parameter. N controls the degree of sharpness at corners (see
Fig. 1.2). A circle is a particular case in the lamé curve when a = b and N is 2.
Furthermore, Eq. 3.1 represents an ellipse when a 6= b and N is 2. Increasing the
value of N results in a Lamé curve with an increasingly rectangular shape that is
also termed super ellipse. It should be noted that when N tends to 0, the curve
takes the shape of a cross.
One of the early examples of super ellipses outside of the mathematical context
is their application in design and architecture as introduced by Hein, in 1959.
Hein used Lamé curves to fill the remaining rectangular space in the centre of
Stockholm with traffic flowing through an oval-shaped fountain (Poodiack, 2016)
(see Fig. 3.1).
Figure 3.1: Sergels Torg in Stockholm, Sweden (Bengtsson, 2011).
62
3.2 Geometry
Lamé curves have been used widely in architecture and in designing furniture,
especially in Scandinavian countries in the 1960s (Poodiack, 2016). As such, Hein





in Fig. 3.2. In supereggs, the centre of geometrical curvature is above the centre
of gravity. In other words, they have zero geometrical curvature at either of their
ends. Therefore, they exhibit interesting behaviour by being able to stand on
their ends without toppling (Jaklič et al., 2000).
Figure 3.2: Geometry of superegg.
Flanagan and Hefner (1967) used super ellipses in drafting preliminary design
of aircraft fuselages. In the lofting process of their design, they outlined all
cross-sections as arcs of super ellipses. Barr (1981) used the 3D shape of super
ellipse, i.e. super quadrics, for three-dimensional design. Rounded edges in super
quadrics make them an attractive shape for 3D design that can be easily rendered
and shaded by computer graphics.
Abramian (1993) studied super elliptic shells with a uniform thickness as joint
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heads for circular cylinders subjected to the uniform internal pressure. He showed
that in these structures, the bending stresses are suppressed in the vicinity of their
equators. He also investigated the stability of super elliptic shells and found a
high critical buckling load for these structures.
A super ellipsoid of revolution is a 3D geometry obtained by revolving a super
ellipse about one of its axes as shown in Fig. 3.3. The geometry of super ellipsoids













where a and b are two semi-axes, and N is the shape parameter that controls
the degree of sharpness at corners in any planes passing through Z axes such as
X − Z and Y − Z plane (see Fig. 3.3). Based on Eq. 3.2, the cross-section in








Figure 3.3: Geometry of a super ellipsoid of revolution.
Stress states in super ellipsoids of revolution change smoothly due to the
smooth variation of geometrical curvature. Therefore, stress concentration in
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these structures is minimised. Moreover, super ellipsoids of revolution are inte-
grated and blended and can be manufactured in a single piece. Simply put, the
need for using joints is eliminated, which reduces costs and difficulties associated
with the manufacturing and the assembly process.
3.3 Packing efficiency
Super ellipsoids of revolution have high levels of packing efficiency that makes
them attractive, especially for storage purposes such as pressure vessels and con-
tainers. The packing efficiency is defined as the percentage of the super ellipsoid of
revolution volume (VS) to the rectangular prism volume where the super ellipsoid





Considering the super ellipsoid of revolution as shown in Fig. 3.4, with the
geometrical expression as Eq. 3.2, the rectangular prism has a volume of 8a2b,

















In this equation, B(i, j) is the beta function (Podlubny, 1999) and is a function










m(k−1) · e−m dm. (3.6)
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Figure 3.4: Super ellipsoid of revolution in a rectangular prism.
Variation of packing efficiency for super ellipsoids of revolution with different
N is shown in Fig. 3.5. The packing efficiency varies and asymptotically reaches
80% for super ellipsoids of revolution with larger values of N . As shown in Fig.
3.5, the maximum amount for packing efficiency is 80% because N controls the
shape in the vertical plane e.g. X − Z and Y − Z. However, the cross-section in


















Figure 3.5: Variation of the packing efficiency of super ellipsoids of revolution
with the shape parameter N .
3.4 Conclusions
A group of structures known as super ellipsoids of revolution was introduced
in this chapter. According to the literature, super ellipsoids of revolution have
not been used widely in engineering applications and particularly as a geometry
for pressure vessels. However, they have several advantages in comparison with
conventional geometries, e.g. assembled structures consisting of bulkheads and
cylinders. Super ellipsoids of revolution have smooth stress variations stemming
from their smooth variation of geometrical curvature. Furthermore, these struc-
tures can be manufactured as blended bodies in a single piece. As a result, use
of joints can be reduced and consequently, stress concentrations, manufacturing
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costs and assembly difficulties can be significantly reduced. Finally, the packing
efficiency of super ellipsoids of revolution was discussed and noted to be the main
advantages of these types of geometry. As shown in Section 3.3, the packing effi-
ciency can be determined based on the shape parameter for each super ellipsoid
of revolution, and it can be 80% for higher shape parameters.
Taken together, the advantages of super ellipsoids of revolution make them appro-
priate candidates for the geometry of several engineering applications, in particu-
lar pressure vessels. In the next chapter, the analytical methodology to suppress




Design for bend-free states
4.1 Introduction
Chapter 2 presented the benefits of bend-free structures. Moreover, in Chapter
3, a family of structures known as super ellipsoids of revolution was introduced.
The advantages associated with this family of structures made them suitable for
several engineering structures. In this chapter, an analytical methodology to sup-
press bending stresses in super ellipsoidal composite shell structures is presented.
In Section 4.2, the governing equation that dictates bend-free states in super
ellipsoidal composite shell structures is presented. The derived closed-form gov-
erning equation is in a general form and is valid for all super ellipsoidal composite
shell structures. The stiffness in the extracted bend-free governing equation is
described in the form of lamination parameters and material invariants, making
it possible to be efficiently used for stiffness tailoring. Allowable aspect ratios for
bend-free super ellipsoidal shell structures are discussed in Section 4.3. Finally,
the proposed analytical methodology is used to design several super ellipsoidal
composite shells to have bend-free states and their fibre tow trajectories are pre-
sented in Section 4.4. The outcomes of this chapter are published as part of two
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peer-reviewed journal papers (Daghighi et al. (2020a,b)).
4.2 Analytical methodology
In this section, the analytical method for designing bend-free super ellipsoids
of revolution under uniform internal pressure is explained. The summary of the
analytical design methodology is shown as a flowchart in Fig. 4.1. To have a bend-
free design, three sets of equations in continuum mechanic known as equilibrium
equations, constitutive equations and compatibility equations are considered. Af-
ter imposing the bend-free conditions to these sets of equations, they have to be
simultaneously solved using an analytical approach. In this work, considering a
linear strain field and the Kirchhoff hypothesis, the equations are expressed for









Governing equations for 
bend-free state
Figure 4.1: Summary of analytical methodology.
For the geometry of super ellipsoids of revolution, as shown in Fig. 4.2, the
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strain-displacement equations are (Pao, 1969)
∂u
∂ϕ
+ w = rϕεϕ,
u cotϕ+ w = rθεθ,
(4.1)
where u and w are displacements in ϕ and z directions, and rϕ and rθ are two

















Figure 4.2: Geometrical description of super ellipsoids of revolution and the
infinitesimal element.
The bending moments in ϕ and θ directions considering an orthotropic mate-




























In this equation, Eθ and Eϕ are Young’s modulus, νϕθ and νθϕ are the Poisson’s
ratio, and φ is the shell rotation. To have a bend-free design, bending moments
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should be suppressed through the structure. Therefore Mθ and Mϕ should be















)(cotϕ)φ = 0. (4.3)




− u = 0. (4.4)
Therefore, to have a bend-free design, shell displacements should simultaneously
satisfy Eqs. 4.1 and 4.4. Substituting Eq. 4.4 into Eq. 4.1 results in
∂2w
∂ϕ2
+ w = rϕεϕ. (4.5)
That has a solution as
w = A∗ sinϕ+B∗ cosϕ+ wp. (4.6)
In this equation, A∗ and B∗ are the integration constants that can be obtained
based on the boundary conditions and wp is the particular solution that should
satisfy Eq. 4.5 as
∂2wp
∂ϕ2
+ wp = rϕεϕ. (4.7)









Substituting u and w from Eqs. 4.8 and 4.6 into Eq. 4.1 results in
∂wp
∂ϕ
= rθεθ tanϕ− wp tanϕ− A secϕ. (4.9)
Combining the differentiation of Eq. 4.9 with the Eq. 4.7 gives
∂
∂ϕ
(rθεθ) + (rθεθ − rϕεϕ) cotϕ = 0, (4.10)
that relates the geometry to the strains and should be satisfied for the bend-free







Eq. 4.11 is the condition that relates the geometry of the shell to the strains
and should be satisfied to have a bend-free state. The moment-less state in shells
means all bending moments should be zero. Therefore, the shell is only under
in-plane stress resultants. Using equilibrium equations for super ellipsoids of

































Imposing the bend-free conditions, i.e. both bending moments and curvature
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The super ellipsoids of revolution under uniform internal pressure is shear-free
(Nϕθ = εϕθ = 0) due to the symmetry of loading and geometry. Substituting the
stiffness A matrix, which is described using lamination parameters and material
invariants by Eq. 2.23, into Eq. 4.14, results inNϕ
Nθ
 = t
U1 + V A1 U2 + V A2 U3 U4 − V A2 U3









U1 + V A1 U2 + V A2 U3 U4 − V A2 U3





This equation can be rewritten as
Nϕ
t
= (U1∆ + U4 + V
A
1 U2∆ + V
A








Equating the right-hand sides of Eq. 4.17 results in the governing equation dic-




U1 − U4 + U2V A1 + 2U3V A2






2U4 − U1 − 3U3V A2 + U2V A1






This equation relates the stiffness properties to the geometry of the structure.
Therefore, it can be used for stiffness tailoring to obtain a bend-free state in the
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structure. For a super ellipsoid of revolution with a known geometry (a, b,N)
and material properties (U1, U2, U3, U4), the only unknowns in Eq. 4.18 are two
lamination parameters (V A1 , V
A
2 ) and ∆ that only depends on ϕ. Simply put, for
each location in the super ellipsoids of revolution represented by ϕ, the governing
equation, Eq. 4.18, is an equation that linearly relates V A1 and V
A
2 . Eq. 4.18 can
be demonstrated as a straight line in V A1 − V A2 plane.
The design can be divided into two main steps. In the first step, the distribution
of optimum stiffness in forms of lamination parameters for the bend-free state is
obtained. In the second step, the tow trajectory corresponding to the obtained
lamination parameters in the previous step for each location in the structure is
determined.
4.3 Feasible region for bend-free design
Lamination parameters can efficiently describe the stiffness properties in compos-
ite laminates. However, lamination parameters are trigonometric functions, and
as a result, they depend on each other. The dependency of lamination parame-
ters on each other provides design constraints as a feasible region that is generally
unknown. A feasible region is an area consisting of all vectors of lamination pa-
rameters that are feasible and therefore corresponds to at least one real lay-up in
the design space of lamination parameters. To be more specific, there is not any
real lay-up for vectors of lamination parameters that are outside of the feasible
region. It is worth noting that the dimension of the feasible region is equal to the
number of lamination parameters. Therefore, it can reach a maximum of 12 in
the most general case.
Grenestedt and Gudmundson (1993) showed that the feasible region of lamination
parameters is convex, which simplifies the optimisation problem and results in a
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computationally efficient optimisation approach. This convex feasible region in
closed form is only available for a specific combination of lamination parameters.
Several researchers studied the feasible region of lamination parameters (Bloom-
field, Diaconu and Weaver, 2009; Diaconu et al., 2002; Fukunaga and Sekine,
1992; Raju et al., 2014; Setoodeh et al., 2006; Wu, Raju and Weaver, 2013a).
Fukunaga and Sekine (1992) presented the analytical expression for the feasible
region of in-plane or out-of-plane lamination parameters for symmetric laminates.
Diaconu et al. (2002) developed a method based on a variational approach using
a numerical procedure to determine the feasible region, considering the general
design space of 12 lamination parameters. Setoodeh et al. (2006) developed a
numerical approach to determine the feasible region for any combination of lam-
ination parameters.
Bloomfield, Diaconu and Weaver (2009) developed a method to obtain the feasible
region of lamination parameters considering a predefined finite set of ply orienta-
tions. Wu, Raju and Weaver (2013a) formulated a set of closed-form equations to
describe the feasible region of two in-plane and two out-of-plane lamination pa-
rameters, which are then used to design orthotropic variable stiffness laminates.
Raju et al. (2014) presented a relatively accurate boundary of the feasible region
of four in-plane and four out-of-plane lamination parameters using fewer explicit
expressions in designing symmetric laminates.
The governing equations for bend-free super ellipsoids of revolution are only func-
tions of V A1 and V
A
2 that introduce constraints as (Hammer et al., 1997) Constraint1 : 2(V
A
1 )
2 − (V A2 )− 1 ≤ 0,
Constraint2 : V A2 − 1 ≤ 0.
(4.19)
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The feasible region for bend-free states in the V A1 −V A2 plane with an example of
a governing equation for a known ϕ is shown in Fig. 4.3. In this study, tailored
lamination parameters for bend-free states are achieved by using the intersection
of the solution line with the lower boundary of the feasible region as described by
Constraint1. After extracting the tailored lamination parameters for bend-free


















Figure 4.3: Feasible region of bend-free state in V A1 − V A2 domain.
In this study, a least-squares optimisation technique is used to extract the fibre
orientation distribution corresponding to the tailored lamination parameters for
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bend-free states (V ∗1 and V
∗
2 ). The objective function is
F = (V A1 − V ∗1 )2 + (V A2 − V ∗2 )2, (4.20)
where V A1 and V
A
2 are expressed as a function of fibre angles using Eq. 2.22.
The feasible region for bend-free states restrains the allowable aspect ratio (K) of
super ellipsoids of revolution. To be more specific, for the location in the structure
(ϕ) with the largest difference between two geometrical radii of curvature (∆Max),
there is a constraint on the minimum aspect ratio of super ellipsoids of revolution
that can be tailored to have bend-free states. This is because the strains generated
in super ellipsoids of revolution with the smaller aspect ratio do not satisfy Eq.
4.18 with any material system.
The location of ∆Max in super ellipsoids of revolution depends on K. For a known
N and K, after determining the location of ∆Max, the solution for Eq. 4.18 needs
to be verified to stay within the bend-free feasible region. However, for ellipsoids
of revolution, a specific case of super ellipsoids of revolution where N is 2, ∆Max
always occurs at the equator (ϕ = 90◦). For ellipsoids of revolution, the minimum




U1 + U2 + U3
U1 + U2 + 2U3 − U4 +
√
2U1U2 + 2U22 + 2U3U2 + U
2
3 − 2U3U4 + U24
.
(4.21)
Eq. 4.21 is obtained by substituting the critical values of lamination parameters,
i.e. V A1 = V
A
2 = 1 and ϕ = 90
◦, into Eq. 4.18.
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The material considered in this study is IM7/8552 carbon-epoxy with an ap-
proximate fibre volume of 60% and the ply thickness of 0.15 mm. The material
properties are given in Table 4.1.
Table 4.1: Material properties for IM7/8552 carbon-epoxy prepreg.
Property
E11 E22 E33 G12 G13 G23 ν12 ν13 ν23
GPa GPa GPa GPa GPa GPa - - -
Value 161 11.38 11.38 5.2 5.2 3.9 0.32 0.32 0.45
Table 4.2 represents the minimum allowable aspect ratio for super ellipsoids
of revolution with different N . Solutions of Eq. 4.18 for super ellipsoids of revo-
lution with N > 2.9 are not within the bend-free feasible region. This indicates
the impossibility of designing fully bend-free super ellipsoids of revolution for
N > 2.9 by using IM7/8552 carbon-epoxy prepreg. Fig. 4.4 shows the schematic
illustrations of super ellipsoids of revolution with different N and KMin for having
a bend-free state.
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Table 4.2: Allowable aspect ratio for super ellipsoids of revolution with different
N using IM7/8552 carbon-epoxy prepreg.
N 2 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8







N 2 2.1 2.2







N 2.3 2.4 2.5







N 2.6 2.7 2.8
MinK 0.81 0.88 0.99
Figure 4.4: Schematic illustrations of super ellipsoids of revolution with different




In this study, super ellipsoids of revolution with different N are designed to
have bend-free states using the analytical method presented in Section 4.2. The
laminate is considered to be 4-ply balanced symmetric, i.e. [θ1,−θ1]s and as
mentioned before, the material is IM7/8552 carbon-epoxy. The fibre orientation
distribution for bend-free super ellipsoids of revolution with different N is shown
in Fig. 4.5. In this figure, the aspect ratio for all structures is considered to
be identical to the minimum aspect ratio for N = 2.8 that is 0.99. The fibre
orientations remain the same for the locations with an equal distance from the


























Figure 4.5: Fibre orientation for bend-free states in super ellipsoids of revolution
with different N for K = 0.99.
As shown in Fig. 4.5 fibre angles vary smoothly from the pole (ϕ = 0◦) to the
equator (ϕ = 90◦). Fig. 4.5 also presents the location of ∆Max in super ellipsoids
of revolution. The location of ∆Max in super ellipsoids of revolution with N = 2
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is independent of K and is located always at the equator (ϕ = 90◦). However, a
slight increase in N results in a sudden change in the location corresponding to
the ∆Max. The location of ∆Max varies smoothly from ϕ = 31.3
◦ to ϕ = 26.5◦
for super ellipsoids of revolution with N = 2. A slight increase in N from 2,
results in a considerable change in the location of ∆Max. N should be increased
in smaller steps to capture the variation of the location of ∆Max from N = 2 to
N = 2.1. As shown in Fig. 4.5, for super ellipsoids of revolution with N = 2,
the fibre angle distribution is relatively constant through the structure. While by
increasing the value of N , the fibre angle distribution starts to vary through the
structure. This is due to the fact that N = 2 with K = 0.99, is almost sphere
while by increasing the value of N the structure tends to be cube.
Figs. 4.6 to 4.14 present the fibre angle distribution and the schematic repre-
sentation of fibre orientations for bend-free super ellipsoids of revolution with
different N . The aspect ratio for each super ellipsoid of revolution is considered
to be its corresponding KMin (see Table 4.2) to see a significant improvement in
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Figure 4.6: Fibre orientation for bend-free states in super ellipsoids of revolution

























ϕ correspond to ∆_𝑀𝑎𝑥
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Figure 4.7: Fibre orientation for bend-free states in super ellipsoids of revolution
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Figure 4.8: Fibre orientation for bend-free states in super ellipsoids of revolution
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Figure 4.9: Fibre orientation for bend-free states in super ellipsoids of revolution
with N = 2.3 and K = 0.70.
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Figure 4.10: Fibre orientation for bend-free states in super ellipsoids of revolution
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Figure 4.11: Fibre orientation for bend-free states in super ellipsoids of revolution



























Figure 4.12: Fibre orientation for bend-free states in super ellipsoids of revolution





























Figure 4.13: Fibre orientation for bend-free states in super ellipsoids of revolution



























Figure 4.14: Fibre orientation for bend-free states in super ellipsoids of revolution
with N = 2.8 and K = 0.99.
4.5 Conclusions
In this chapter, the analytical methodology for designing bend-free super ellip-
soidal shells was presented. The governing equation that results in bend-free
states in super ellipsoidal shell structures was expressed in Section 4.2. The
bend-free governing equation was obtained by imposing the bend-free condition,
both bending moments and curvature changes are suppressed, to three sets of
expressions: equilibrium, compatibility and constitutive equations. The stiffness
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in the bend-free governing equation is described using lamination parameters
and material invariants. The derived bend-free governing equation relates the
geometry and stiffness properties. Therefore, it can be used for stiffness tailoring
to obtain the appropriate lamination parameters based on the location over the
structure. The fibre orientation can be then extracted for each lamination pa-
rameter using a least-squares optimisation technique as described in Section 4.3.
Furthermore, as discussed in Section 4.3, lamination parameters are trigonomet-
ric functions that depend on each other. This dependency bounds the feasible
region for aspect ratio of super ellipsoidal shells that can be tailored to have fully
bend-free states. Finally, Section 4.4 presented the fibre orientation for bend-free
states in several super ellipsoidal shell structures that are obtained analytically
using the proposed bend-free methodology.
In the next chapter, a new bend-free criterion will be presented. The presented
criterion will be used for the numerical verification of bend-free states in super






This chapter presents the numerical verification of the bend-free design of super
ellipsoidal shell structures. In Section 5.2, a new bend-free criterion, independent
of the amount of internal pressure is introduced. This bend-free criterion is then
used in Section 5.3 to evaluate the bending states in structures. In this chapter,
several bend-free super ellipsoidal shell structures that are designed using the
analytical design methodology, as discussed in Chapter 4, are considered. They
are modelled and analysed numerically using commercial FEA software ABAQUS
(Smith, 2017). The bending state of each bend-free designed super ellipsoidal shell
structure is then compared with its isotropic counterpart that provides insight
regarding the validity of the proposed bend-free methodology. Finally, to provide
insight into the bend-free design, the effects of thickness in such structures are
investigated by studying the bending states in three ellipsoids of revolution with
different thicknesses. The outcomes of this chapter are published as part of two
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peer-reviewed journal papers (Daghighi et al. (2020a,b)).
5.2 Bend-free criterion
In this section, a criterion to evaluate the bending state in a structure is presented.
Based on the definition, a structure is bend-free when both bending moments
and curvature changes are simultaneously negligible. Therefore, the proposed
bend-free criterion consists of two parts that measure and control both bending
moments and curvature changes in the structure, independent from the amount of









∣∣∣∣∣ with i, j = ϕ, θ, (5.1)








∣∣∣∣∣ with i, j = ϕ, θ. (5.2)
The bending states in the structure, can be represented by
χ = Max(α, β). (5.3)
These expressions are valid at the ply level. σtopij and σ
bot
ij are the stresses at the
top and the bottom of each individual ply. While, εtopij and ε
bot
ij are the strains at
the top and the bottom of each ply. Table 5.1 demonstrates the values for α and
β of some extreme cases.
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To evaluate the bending state in a structure using the proposed criterion, a
threshold amount, based on the application of the structure, should be prescribed
for α and β below which the bending moments and curvature changes are negli-
gible and as a result the structure can be considered to be bend-free.
Based on Eqs. 5.1 and 5.2, α and β are expressed as functions of stresses and
strains. Both stresses and strains are direction-dependent and their magnitude
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changes based on the direction that makes α and β direction-dependent factors.
To ensure the bending moments and curvature changes are negligible in all direc-
tions, α and β should be evaluated using the stresses and strains obtained for all





0 < Ω < 360
ϕ
θ
Figure 5.1: Directions for evaluating stresses and strains.
5.3 Numerical modelling and results
To verify the analytical design approach, super ellipsoids of revolution with differ-
ent N designed to have bend-free states, as described in Section 4.4, are modelled
and analysed numerically with ABAQUS. In order to provide insight, bending
states in tailored super ellipsoids of revolution with different N are compared
with bending states in their correspond isotropic baseline. In this study, the
isotropic material is considered to be aluminium with E = 70 GPa and ν = 0.33.
Structures are modelled using S8R5 (8-node doubly-curved thin shell with the
reduced integration and five degrees of freedom per node) and STRI65 (6-node
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triangular thin shell with five degrees of freedom per node) elements. Moreover,
the aspect ratio of each finite element was optimised in order to tend to 1, which
results in minimising the distortional locking effects. A mesh convergence study
was carried out to ensure the accuracy and the independency of results to the
mesh size.
Figs. 5.2 to 5.10 show contour plots of maximum amounts of α, β and χ in
the bend-free VAT structures and their isotropic counterparts. Comparing the
α, β and χ values for the isotropic structures and the bend-free VAT structures
suggests that moments, curvature changes and as a result the bending can be sup-
pressed by tailoring the stiffness using the VAT technique. Moreover, as shown
in Figs. 5.2 to 5.10, the curvature change state is more critical than the moment
state in the structures. Therefore, contour plots of χ representing the intersection
of the maximum values of α and β are similar to contour plots of β.
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0 0.5 1 1.5 2 2.5 × 10
−3
Figure 5.2: Contour plots of maximum α factor, maximum β factor and
χ=Max(α, β) for super ellipsoids of revolution with N = 2 and K = 0.71 (Di-
mensions are in metre).
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Figure 5.3: Contour plots of maximum α factor, maximum β factor and
χ=Max(α, β) for super ellipsoids of revolution with N = 2.1 and K = 0.69 (Di-
mensions are in metre).
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0 0.01 0.02 0.03 0.04 0.05 0.06 0.07
Figure 5.4: Contour plots of maximum α factor, maximum β factor and
χ=Max(α, β) for super ellipsoids of revolution with N = 2.2 and K = 0.69 (Di-
mensions are in metre).
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0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
Figure 5.5: Contour plots of maximum α factor, maximum β factor and
χ=Max(α, β) for super ellipsoids of revolution with N = 2.3 and K = 0.70 (Di-
mensions are in metre).
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Figure 5.6: Contour plots of maximum α factor, maximum β factor and
χ=Max(α, β) for super ellipsoids of revolution with N = 2.4 and K = 0.73 (Di-
mensions are in metre).
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0 0.05 0.1 0.15
Figure 5.7: Contour plots of maximum α factor, maximum β factor and
χ=Max(α, β) for super ellipsoids of revolution with N = 2.5 and K = 0.76 (Di-
mensions are in metre).
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Figure 5.8: Contour plots of maximum α factor, maximum β factor and
χ=Max(α, β) for super ellipsoids of revolution with N = 2.6 and K = 0.81 (Di-
mensions are in metre).
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0.05 0.1 0.15 0.2 0.25 0.30
Figure 5.9: Contour plots of maximum α factor, maximum β factor and
χ=Max(α, β) for super ellipsoids of revolution with N = 2.7 and K = 0.88 (Di-
mensions are in metre).
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Figure 5.10: Contour plots of maximum α factor, maximum β factor and
χ=Max(α, β) for super ellipsoids of revolution with N = 2.8 and K = 0.99 (Di-
mensions are in metre).
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In order to gain more insight regarding the effect of thickness on the bend-free
design, the bending state in three ellipsoids of revolution (N = 2) with different
thicknesses are compared against their isotropic counterparts. The analysed el-
lipsoids of revolution are listed in Table 5.2. Moment states, curvature change
states and bending states are investigated in these models using the criteria as
described in Section 5.2. α, β and χ are evaluated for isotropic ellipsoids of
revolutions as well as for all layers in VAT structures.
Table 5.2: Details of the ellipsoids of revolution.
Model Material Thickness (mm)
1 Isotropic 0.6
2 VAT for Bend-free 0.6
3 Isotropic 1.2
4 VAT for Bend-free 1.2
5 Isotropic 1.8
6 VAT for Bend-free 1.8
Here results are presented in forms of area percentages. To this end, three













In this equations, Aα and Aβ are the areas of the structure where the amount of
α and β are less than the prescribed threshold amount and Atotal is the total area
of the structure.
For each model as listed in Table 5.2, moment-less, curvature-less and bend-free
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percentage areas are evaluated using Eqs. 5.4 to 5.6 and are shown as bar charts
































































Figure 5.12: Curvature-less area percentage.
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Figure 5.13: Bend-free area percentage.
Table 5.3 shows the summary of results for bend-free VAT structures, while
the summary of results for isotropic structures is shown in Table 5.4. Here results
are calibrated considering the maximum amount of α, β and χ for the thinnest
VAT structure, Model 1, as the reference. In other words, a location in the struc-
ture is considered to be, respectively, moment-less, curvature-less and bend-free,
if the maximum amount of α, β and χ in all directions are lower than that for
the thinnest VAT structure, Model 1.
As shown in Table 5.3, increasing the thickness results in decreasing the moment-
less percentage area, the curvature-less percentage area and the bend-free per-
centage area. In other words, increasing the thickness enhances the bending level
in the structure. However, as shown in Fig. 5.13, even for thicker structures
bending is significantly suppressed in tailored VAT structures compared to their
isotropic counterparts.
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Table 5.3: Moment-less, Curvature-less and Bend-free area percentages for VAT
structures.
Layer Area % Model2 Model4 Model6
1
Moment-less 100% 67.5% 58.7%
Curvature-less 100% 62.1% 53.8%
Bend-free 100% 62.1% 53.8%
2
Moment-less 100% 67.5% 58.7%
Curvature-less 100% 62.1% 53.8%
Bend-free 100% 62.1% 53.8%
3
Moment-less 100% 67.5% 58.7%
Curvature-less 100% 62.1% 53.8%
Bend-free 100% 62.1% 53.8%
4
Moment-less 100% 67.5% 58.7%
Curvature-less 100% 62.1% 53.8%
Bend-free 100% 62.1% 53.8%
Table 5.4: Moment-less, Curvature-less and Bend-free area percentages for
isotropic structures.
Area % Model1 Model3 Model5
Moment-less 5.0% 0% 0%
Curvature-less 0% 0% 0%
Bend-free 0% 0% 0%
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Through-thickness stresses and strains for ellipsoids of revolution with differ-
ent values of thickness (see Table 5.2) at three example locations (near the pole,
one-third of the distance from the pole and near the equator) are shown in Figs.
5.14 to 5.19. As shown in these figures, the through-thickness variation rates of
stresses are reduced for the bend-free VAT designed structure that indicates the
bending moment is reduced in such structure. The rates of through-thickness
variation of strains in ϕ and θ directions for these locations are not noticeably
reduced for the bend-free VAT designed structure. However, it should be noted
that Figs. 5.14 to 5.19 only show the strains and stresses in ϕ and θ directions and
by considering the rates of through-thickness variation of strains in all directions,
the reduction of curvature changes in the bend-free VAT designed structure can
be significant as is considered when using the bend-free criteria.
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Figure 5.14: Through-thickness σϕ and εϕ for bend-free (VAT) design and
isotropic ellipsoid of revolution at ϕ = 0.12◦.
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Figure 5.15: Through-thickness σθ and εθ for bend-free (VAT) design and
isotropic ellipsoid of revolution at ϕ = 0.12◦.
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Figure 5.16: Through-thickness σϕ and εϕ for bend-free (VAT) design and
isotropic ellipsoid of revolution at ϕ = 31.32◦.
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Figure 5.17: Through-thickness σθ and εθ for bend-free (VAT) design and
isotropic ellipsoid of revolution at ϕ = 31.32◦.
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Figure 5.18: Through-thickness σϕ and εϕ for bend-free (VAT) design and
isotropic ellipsoid of revolution at ϕ = 89.02◦.
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Figure 5.19: Through-thickness σθ and εθ for bend-free (VAT) design and
isotropic ellipsoid of revolution at ϕ = 89.02◦.
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5.4 Conclusions
In this chapter, the numerical verification of the analytical bend-free design
methodology was presented. Section 5.2 introduced a new bend-free criterion,
independent of the amount of internal pressure, to assess the bending states in
structures. Based on the definition, structures can be considered bend-free when
both bending moments and curvature changes are simultaneously suppressed.
Hence, the bend-free criterion consists of two factors measuring bending moment
states and curvature change states in structures. Based on the proposed bend-
free criterion, structures are bend-free when two factors are less than a predefined
value that should be chosen for each structure based on its application.
Section 5.3 presented the numerical verification of the proposed bend-free design.
Bend-free designed super ellipsoidal shell structures were modelled and analysed
numerically with ABAQUS. Finally, the bending state of each bend-free designed
structure was compared with its isotropic counterpart. Results suggest that the
bending in VAT structures, that are designed to have bend-free states, is sig-
nificantly suppressed compared to the bending in their isotropic counterparts.
Moreover, the curvature change states are more critical than the bending states
in structures. The effects of thickness in the bend-free design were also studied by
assessing the bending states in three ellipsoids of revolution with different thick-
nesses. Results suggested that increasing the thickness decreases the bend-free
percentage area considering the same threshold value for α and β in all structures.
However, it should be noted that the internal pressure-induced bending can be
significantly reduced by stiffness tailoring using the VAT technique.
Finally, the through-thickness stresses and strains were plotted that provided
insight into the bend-free design. It clearly showed that the rate of the stresses
variation through the thickness is noticeably reduced for bend-free designed struc-
tures. However, a significant reduction for through-thickness strains variation was
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not observed since strains were only plotted in ϕ and θ directions. The more sig-
nificant reduction should be observed considering the strain plots in all directions.
So far, the bend-free design methodology and the numerical verification of the
proposed design for super ellipsoidal shell structures have been presented. As
explained in Chapter 3, the benefits associated with the geometry of super ellip-
soidal shells along with the structural benefits of the bend-free design make them
potential candidates for pressure vessels. Failure performance is known to be a
dominant factor in designing pressure vessels. Therefore, in the next chapter, the
failure performance of a bend-free composite pressure vessel is investigated.
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Failure analysis and parametric
study
6.1 Introduction
In this chapter, the failure performance of bend-free composite pressure vessels is
investigated and compared against the failure performance of conventional con-
stant stiffness composite pressure vessels. The failure performance of structures
is investigated by evaluating the maximum first-ply failure pressure based on
both Tsai-Wu and three-dimensional invariant-based failure criteria. Section 6.2
explains the Tsai-Wu and the three-dimensional invariant-based failure criteria.
Numerical modelling and predicted first-ply failure pressure based on both crite-
ria are presented in Section 6.3. Parametric studies are performed in Section 6.4
to assess the influence of different material properties on the difference of failure
pressure predicted by two criteria. Finally, through-thickness stresses are investi-
gated for the bend-free composite pressure vessel and compared against those for
the conventional unidirectional composite vessels. The outcome of this chapter




Failure analysis is performed to assess the bend-free design advantages compared
to the conventional laminated composite structures with constant fibre orienta-
tions. The baseline geometry is considered to be an ellipsoid of revolution with
a = 500 mm and K = 0.72 that can have an application as a pressure vessel.
The fibre distribution for the bend-free design of the baseline geometry with four
plies symmetric laminate as [θ1,−θ1]s made of IM7/8552 carbon-epoxy is shown
in Section 4.4 (see Fig. 4.6). IM7/8552 carbon-epoxy is also considered to be the
material for conventional laminated composites with constant fibre orientations.
As such, four structures with different constant fibre orientations, i.e. θ1 = 0
◦,
30◦, 60◦ and 90◦ with [θ1,−θ1]s, are investigated. The material strength proper-
ties of IM7/8552 carbon-epoxy are shown in Table 6.1.
Table 6.1: Material properties for IM7/8552 carbon-epoxy.
Property Value
XT (MPa) longitudinal tensile strength 2323.5
XC (MPa) longitudinal compressive strength −1017.5
YT (MPa) transverse tensile strength 62.3
YBT (MPa) transverse tensile biaxial strength 38.7
YC (MPa) transverse compressive strength −253.7
YBC (MPa) transverse compressive biaxial strength −600.0
SL (MPa) in-plane shear strength 89.6
β′ (10−8MPa−3)
parameter defining the nonlinearity
2.12
of the shear stress-shear strain relation
The maximum first-ply failure pressure in composite structures is assessed
using both Tsai-Wu and three-dimensional invariant-based failure criteria. The
Tsai-Wu failure criterion is a simplified form of the general tensorial failure crite-
rion proposed by Gol’denblat and Kopnov (1965). The Tsai-Wu failure criterion
is based on a quadratic polynomial expression of stresses with tensorial coeffi-
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cients. Based on the Tsai-Wu failure criterion, the material fails when (Tsai and
Wu, 1971)
H1σ1 +H2σ2 +H6σ12 +H11σ1
2 +H22σ2
2 +H66σ12
2 + 2H12σ1σ2<1, (6.1)
is not satisfied. In this equation, coefficients can be obtained using material































where XT , XC , YT , YC and SL are defined in material strength properties as de-
scribed in Table 6.1.
The Tsai-Wu failure criterion is a commonly used failure criterion in engineering
design due to its simplicity. However, it cannot determine the failure modes, and
it does not account for through-thickness stresses (Talreja, 2014). In order to
overcome this limitation and to provide insight, the three-dimensional invariant-
based failure criterion is used to evaluate the failure performance of structures in
more details (Camanho et al., 2015). The three-dimensional invariant-based fail-
ure criterion can provide more insight as it distinguishes between fibre-dominated
and matrix-dominated failure mechanisms. This advantage is due to the fact that
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this failure criterion is formulated based on the tensor’s invariant properties rep-
resenting the intrinsic characteristic direction of the material, as shown by Vogler
et al. (2013).
Transverse failure in this method is directly formulated from the invariant theory
and the yield function given by Vogler et al. (2013). However, the longitudi-
nal tensile fracture is predicted using the non-interacting maximum allowable
strain criterion as used by (Catalanotti et al., 2013; Davila et al., 2005; Puck
and Schürmann, 2004). Moreover, in this method, the longitudinal compressive
failure is predicted according to the three-dimensional kinking model accounting
for the nonlinear shear response that is common in fibre reinforced polymers (Ca-
manho et al., 2015; Hahn and Tsai, 1973). A summary of the three-dimensional
invariant-based failure criterion is shown as flowcharts in Figs. 6.1 and 6.2.
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Figure 6.1: Flowchart explaining the matrix failure based on the three-
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1
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(tr 𝝈 − 3𝐚´𝛔𝐚´)𝐀´
Plasticity inducing stress tensor (𝝈𝑷)
𝝈𝑷 = 𝝈 − 𝝈𝒓































𝜎12 = 0 and 𝜎13 =0 𝜎12 ≠ 0 and 𝜎13 ≠0





Linear shear and small angles Nonlinear shear
Initial misalignment angle (𝜑´0)







Nonlinear equations that should be solve numerically
Figure 6.2: Flowchart explaining the fibre failure based on the three-dimensional
invariant-based failure criterion (Camanho et al., 2015).
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6.3 Numerical modelling and failure results
Failure criteria were evaluated at the ply-level using stress states obtained by
commercial FEA software ABAQUS (Smith, 2017). The Tsai-Wu failure criterion
is formulated using the in-plane stresses while the three-dimensional invariant-
based failure criterion depends on both in-plane and out-of-plane stresses. The
sub-modelling technique in ABAQUS software was used as a computationally ef-






Figure 6.3: Schematic of sub-modelling technique.
This technique provides an opportunity to focus on studying a small portion
of a model, termed sub-model, with a refined mesh using the interpolation of
the solution achieved by the global model discretised by comparatively coarse
mesh. In this study, the global model is discretised at poles using triangular shell
elements (S3) and elsewhere by using quadrilateral shell elements (S4). The
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sub-model was discretised using 6-node linear triangular prism elements (C3D6)
at poles and 8-node quadratic tetrahedral elements (C3D8I) elsewhere. The in-
plane aspect ratio of finite elements was optimised to be as close as possible to
1 in order to minimise the distortional locking. The number of solid elements
through the thickness in the sub-model was chosen to ensure the FEA results are
independent of the mesh size, using a mesh convergence study. Therefore, each
layer is discretised by using one solid element with nine integration points. The
FEA approach taken in this study is shown as a flowchart in Fig. 6.4.
Start
Establish global finite 
element model using S4 
and S3 elements
Establish local finite 
element model using 
C3D8I and C3D6 elements
Obtain 3D state 











Figure 6.4: Flowchart representing the finite element analysis.
Fig. 6.5 presents the bend-free VAT designed structure’s failure performance
and its conventional unidirectional composite counterparts with the same lami-
nate as [θ1,−θ1]s. The failure performance is described as the maximum failure
pressure to weight ratios. The maximum failure pressure is evaluated using the
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first-ply failure based on both Tsai-Wu and three-dimensional invariant-based





























Figure 6.5: The maximum allowable internal pressure to weight (Daghighi and
Weaver, 2021).
As shown in Fig. 6.5, the bend-free design VAT structure has the best failure
performance among all structures based on both failure criteria. This improve-
ment is about 227% and 236% for the maximum pressure to weight of the bend-
free design VAT structure compared to its best constant stiffness counterpart
(60◦) based on the first-ply Tsai-Wu and the three-dimensional invariant-based
failure criteria, respectively. This behaviour of the bend-free VAT designed struc-
ture can be explained by the fact that in the bend-free design, through-thickness
stresses and strains are uniformly distributed which leads to realising the full
load-carrying potential of the structure.
Based on the results shown in Fig. 6.5, the maximum allowable internal pressure
predicted by the Tsai-Wu failure criterion (PTW ) is higher than that found by
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the three-dimensional invariant-based failure criterion (P3D). The percentage of





For all studied structures, R% can be compared in Fig. 6.6. Results suggest that
R% is on average around 30%. This failure load reduction stems from consider-
ing the out-of-plane stresses and strains in the three-dimensional invariant-based











VAT 0֯ ֯30 ֯60 ֯90
R
%
Figure 6.6: R% for different structures (Daghighi and Weaver, 2021).
As mentioned earlier, the three-dimensional invariant-based failure criterion
distinguishes the matrix-dominated failure and the fibre-dominated failure mech-
anisms. Furthermore, using this failure criterion, it is possible to determine
whether the matrix or fibres are under compression or tension, as demonstrated
in Figs. 6.7 to 6.9 for each studied structure.
For the 0◦ structure, both the matrix and fibres are under compression in the
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fourth layer at poles and tension elsewhere (see Fig. 6.7). For the 30◦ struc-
ture, the matrix is under compression at poles (in the fourth layer) and near the
equator (in all layers). While fibres are under compression only in the fourth
layer near the poles (see Fig. 6.7). For 60◦ and 90◦ structures, as shown in Fig.
6.8, both the matrix and fibres are under compression only in the first and the
second layers around the poles. However, for the bend-free VAT structures, both
fibres and the matrix are under tension at all locations (see Fig. 6.9). This ex-
pected behaviour for the bend-free VAT structures confirms that these structures
expand uniformly under uniform internal pressure since both curvature changes























Figure 6.7: Areas where matrix and fibre are under compression or tension in
0◦ and 30◦ structures. Stresses are shown in Pa and achieved for uniform internal
pressure of 100 kPa (Daghighi and Weaver, 2021).
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Figure 6.8: Areas where matrix and fibre are under compression or tension in
60◦ and 90◦ structures. Stresses are shown in Pa and achieved for uniform internal









Figure 6.9: Areas where matrix and fibre are under compression or tension in
the VAT designed structures. Stresses are shown in Pa and achieved for uniform
internal pressure of 100 kPa (Daghighi and Weaver, 2021).
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Locations where failure initiates based on both criteria for each studied struc-
tures are shown in Table 6.2 in terms of ϕ and layer number. Furthermore, the
dominant failure mechanism, matrix or fibre failure, for each structure is deter-
mined.
As presented in Table 6.2, for the VAT, 0◦ and 30◦ structures, the predicted
locations (in terms of ϕ) where the failure starts are identical using both fail-
ure criteria. However, for the 60◦ and the 90◦ structures the predicted failure
locations (in terms of ϕ) based on two criteria are near to each other but not
exactly identical. Moreover, in the VAT structure, failure initiates at the outer
layer (layer4), while for unidirectional composite structures failure initiates at the
inner layer (layer1).
Table 6.2: Failure location (Daghighi and Weaver, 2021).
Fibre
Tsai-Wu Failure 3-D Invariant-based Failure
ϕ (deg) Layer ϕ (deg) Layer Dominant failure
orientation mechanism
0◦ 0.12 Layer 1 0.12 Layer 1 Matrix
30◦ 0.12 Layer 1 0.12 Layer 1 Matrix
60◦ 5.21 Layer 1 0.60 Layer 1 Fibre
90◦ 4.77 Layer 1 5.21 Layer 1 Matrix
VAT 0.13 Layer 4 0.13 Layer 4 Matrix
The variation of Tsai-Wu criterion with ϕ for tailored structure with the VAT
technique and studied constant stiffness structures are shown in Fig. 6.10. In
this figure, each structure is under its maximum allowable pressure predicted
by using the Tsai-Wu criterion. As shown in Fig. 6.10, Tsai-Wu failure index
values reach the peak around the poles that makes these areas critical for failure
in all structures. Moreover, the results shown in Fig. 6.10 suggests that the 0◦
structure has the best failure performance at the equator while the 90◦ structure
has the best failure performance at the pole.
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Figure 6.10: Variation of Tsai-Wu criterion through ϕ direction for different
structures.
The top view of the 0◦ structure and the 90◦ structure are shown in Fig. 6.11
which demonstrates how it is easier for the 0◦ structure to fail at poles compared
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to the 90◦ structure. This confirms the results in Fig. 6.5 that predicts the larger













Figure 6.11: Comparison of 0◦ and 90◦ structures at poles.
6.4 Parametric study and design of experiments
As shown in Section 6.3, the three-dimensional invariant-based criterion consid-
ers the out-of-plane strains and stresses and therefore P3D is on average approxi-
mately 30% lower than PTW . In this section, a parametric study is performed to
assess the effects of material properties on R%. Advancing the understanding of
material properties’ effects provides useful physical insight for designers in rela-
tion to material selection purposes.
This parametric study is carried out based on the Taguchi design of experiments
that can estimate the contribution of each factor while minimising the number
of virtual test runs (Taguchi et al. (2005), Roy (2001)). Taguchi design of exper-
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iments uses a small number of experiments to study the entire space of factors.
Taguchi design of experiments independently evaluates each factor’s effects on
the response using the balanced orthogonal arrays. In this method, factors are
equally weighted.
In this section, three different parametric studies are performed. Firstly, the ef-
fects of five out-of-plane material properties on R% are investigated and described
in Subsection 6.4.1.
Secondly, in Subsection 6.4.2, the effects of three additional material properties
linked to strength on R% are evaluated. These factors are strength related ma-
terial properties used in the three-dimensional invariant-based failure criterion
besides those used in the Tsai-Wu failure criterion.
Finally, Subsection 6.4.3 deals with a parametric study that is performed us-
ing the most influential out-of-plane material property, found in Subsection 6.4.1,
and the most influential material property linked to strength, found in Subsection
6.4.2.
6.4.1 Parametric study on out-of-plane material proper-
ties linked to stiffness
Effect of five out-of-plane material properties linked to stiffness including E33,
G13, G23, ν13 and ν23 on R% is assessed using a parametric study. These material
properties directly influence the out-of-plane stress state. In this parametric
study, each factor has four levels as presented in Table 6.3. The parametric study
is performed based on the Taguchi L16 orthogonal design table, as shown in Table
6.4.
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Table 6.3: Factors and their levels for parametric study on out-of-plane material
properties (Daghighi and Weaver, 2021).
Factors Level 1 Level 2 Level 3 Level 4
E33 (GPa) 8 12 16 20
G13 (GPa) 5 6 7 8
G23 (GPa) 3.5 4.4 5.3 6.2
ν13 0.20 0.24 0.28 0.32
ν23 0.25 0.32 0.39 0.46
Sixteen ellipsoids of revolution, with the geometry described in Fig. 4.6,
are modelled and analysed with ABAQUS having the material properties based
on each virtual test run, as presented in Table 6.4. For each structure, R% is
evaluated using Eq. 6.3 based on the stress state obtained by FEA with ABAQUS
and are shown in Table 6.4.
Table 6.4: Taguchi L16 orthogonal design table for parametric study on out-of-
plane material properties (Daghighi and Weaver, 2021).
Virtual Test Run
Factors Results
E33 G13 G23 ν13 ν23 R%
(GPa) (GPa) (GPa)
1 8 5 3.5 0.20 0.25 21.83
2 8 6 4.4 0.24 0.32 24.35
3 8 7 5.3 0.28 0.39 26.59
4 8 8 6.2 0.32 0.46 28.67
5 12 5 4.4 0.28 0.46 34.98
6 12 6 3.5 0.32 0.39 33.94
7 12 7 6.2 0.20 0.32 29.17
8 12 8 5.3 0.24 0.25 27.89
9 16 5 5.3 0.32 0.32 37.59
10 16 6 6.2 0.28 0.25 33.98
11 16 7 3.5 0.24 0.46 40.18
12 16 8 4.4 0.20 0.39 37.02
13 20 5 6.2 0.24 0.39 42.80
14 20 6 5.3 0.20 0.46 44.30
15 20 7 4.4 0.32 0.25 40.00
16 20 8 3.5 0.28 0.32 41.44
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The mean response for each level of the factor is shown in Table 6.5. In Table
6.5, delta defines as the difference between the largest and the smallest mean
response values for each factor and rank is allocated according to the delta value.
In other words, the factors’ rank determines the order of factors in which they
have the largest influence on the response.
As represented in Table 6.5, E33, ν23, ν13, G23 and G13 are factors in the order
that most influenece the results, respectively. This trend is also depicted in Fig.
6.12 where the largest variation of mean value of response belongs to E33, ν23,
ν13, G23 and G13, respectively. As demonstrated in Fig. 6.12, results are largely
independent of G23 and G13. Moreover, it can be concluded that decreasing E33,
ν23, ν13 and increasing G23 and G13 results in reducing the loss of strength or sim-
ply put increasing the strength. The difference of failure load predicted by two
criteria can be minimised by increasing G23 and G13 and reducing E33, ν23 and ν13.
Table 6.5: Mean response for parametric study on out-of-plane material properties
(Daghighi and Weaver, 2021).
Levels E33 G13 G23 ν13 ν23
1 25.36 34.30 34.35 33.08 30.93
2 31.50 34.14 34.09 33.80 33.14
3 37.19 33.99 34.09 34.25 35.09
4 42.14 33.76 33.66 35.05 37.03
Delta 16.78 0.54 0.69 1.97 6.11
Rank 1 5 4 3 2
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Figure 6.12: Mean value of the response for each factor in parametric study on
out-of-plane material properties.
6.4.2 Parametric study on material properties linked to
the strength
The effect of material properties linked to strength including YBT , YBC and β
′
on R% is investigated by performing a parametric study. It should be noted that
these are the additional material properties linked to the strength that are used
in the three-dimensional invariant-based failure criterion in comparison with the
Tsai-Wu failure criterion. In this parametric study, three levels for each factor
are considered, as defined in Table 6.6.
132
6.4 Parametric study and design of experiments
Table 6.6: Factors and their levels for parametric study on material properties
linked to strength (Daghighi and Weaver, 2021).
Factors Level 1 Level 2 Level 3
YBT (MPa) 16 33 50
YBC (MPa) 180 520 860
β′ (10−8MPa−3) 0 2.30 4.6
According to the full factorial design of experiments, 33 (27) virtual tests are
required to study each parameter’s effects. However, likewise the study carried
out in Subsection 6.4.1, the number of required virtual tests can be reduced
based on a Taguchi design of experiments. Therefore, in this study, a Taguchi L9
orthogonal design table is applied, as presented in Table 6.7.
As shown in Figs. 6.1 and 6.2, the three-dimensional invariant-based failure
criterion uses only YBT or YBC based on whether the matrix or fibres are under
compression or tension. Therefore, in this study, the parametric study is carried
out based on data shown in Table 6.7 for the bend-free VAT designed structure,
that is under tension everywhere, and the unidirectionally reinforced composite
with 60◦ fibre orientation, that is under tension or compression depending on the
location in the structure (see Table. 6.2).
According to the virtual test run described in Table 6.7, nine super ellipsoids
of revolution, with the same geometry, as shown in Fig. 4.6, are modelled and
analysed with ABAQUS. The material properties linked to strength are chosen
for each super ellipsoids based on data shown in Table 6.7. Failure performance of
each super ellipsoids of revolution is evaluated based on the stress states obtained
by using solid elements with ABAQUS (see Section 6.3) and are shown in Table
6.7.
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Table 6.7: Taguchi L9 orthogonal design table for parametric study on material





(MPa) (MPa) (10−8MPa−3) VAT 60◦
1 16 180 0 72.92 66.46
2 16 520 2.3 72.92 66.46
3 16 860 4.6 72.92 66.46
4 33 180 2.3 43.52 41.77
5 33 520 4.6 43.52 36.08
6 33 860 0 43.52 36.08
7 50 180 4.6 19.15 41.77
8 50 520 0 19.15 36.08
9 50 860 2.3 19.15 36.08
The mean response for each level of the factor used in the parametric study
for the bend-free VAT and the 60◦ structures are shown in Tables 6.8 and 6.9,
respectively. Based on the delta value, as shown in Table 6.8, results are indepen-
dent of β′ and YBC . Therefore, YBT is the only factor influencing the response.
This stems from the formulation of the three-dimensional invariant-based failure
criterion that only uses YBC when a structure is under tension. This is also shown
in Fig. 6.13 where the largest variation of the mean value of response is associ-
ated to YBT and the results are independent of YBC and β
′. As shown in Fig.
6.13, increasing the YBT decreases the difference in failure loads predicted by two
failure criteria.
Table 6.8: Mean response for bend-free (VAT) design in parametric study on
material properties linked to strength (Daghighi and Weaver, 2021).
Level YBT YBC β
′
1 72.92 45.20 45.20
2 43.52 45.20 45.20
3 19.15 45.20 45.20
Delta 53.77 0.00 0.00
Rank 1 2.5 2.5
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YBT YB𝐶 β´
16 33 50 180 520 860 0 2.3e-8 4.6e-8















Figure 6.13: Mean value of response for each factor in parametric study of bend-
free (VAT) design on material properties linked to strength.
Results presented in Table 6.9 suggest that YBT , YBC and β
′ are factors in
the most influential order that affect the results for the 60◦ structure. This can
be explained as the 60◦ structures based on the location is under compression or
tension. Thus, the criterion uses both YBT and YBC and results also depends on
YBC .
Fig. 6.14 also shows that the mean value of the response has the most significant
variation for YBT . Moreover, from Fig. 6.14, it can be concluded that for the 60
◦
structure increasing the levels of YBC and YBT results in reducing the difference
in the failure load obtained by two methods. However, results are independent
of YBC beyond a certain level.
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Table 6.9: Mean response for 60◦ in parametric study on material properties
linked to strength (Daghighi and Weaver, 2021).
Level YBT YBC β
′
1 66.46 50.00 46.20
2 37.97 46.20 48.10
3 37.97 46.20 48.10
Delta 28.48 3.80 1.90
Rank 1 2 3















16 33 50 180 520 860 0 2.3e-8 4.6e-8
YBT YB𝐶 β´
Figure 6.14: Mean value of response for each factor in parametric study of 60◦
on material properties linked to strength.
136
6.4 Parametric study and design of experiments
6.4.3 Parametric study on most influential out-of-plane
stiffness and strength material properties
The parametric study described in Subsection 6.4.1 suggests that E33 is the out-
of-plane material property that has the most considerable effect on R%. Further-
more, results obtained by the parametric study in Subsection 6.4.2 shows that
YBT among all additional material properties linked to strength most affects R%.
In this subsection, a parametric study is conducted in order to determine between
YBT and E33, which has the largest influence on R%. Therefore, four levels for
each factor is considered, as presented in Table 6.10.
Table 6.10: Factors and their levels for parametric studies on E33 and YBT
(Daghighi and Weaver, 2021).
Factors Level 1 Level 2 Level 3 Level 4
E33 (GPa) 8 12 16 20
YBT (MPa) 17 28 39 50
A parametric study is performed based on a Taguchi L16 orthogonal design
table, as shown in Table 6.11. Sixteen super ellipsoids of revolution with the same
geometry (see Fig. 4.6), based on the designed virtual tests considering different
E33 and YBT values, are modelled and studied with ABAQUS. The obtained
stress and strain states are subsequently used to evaluate each structure’s failure
performance using two criteria and R% for each structure is reported in Table
6.11.
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Table 6.11: Taguchi L16 orthogonal design table for parametric studies on E33





1 8 17 68.46
2 8 28 81.63
3 8 39 28.08
4 8 50 16.29
5 12 17 71.74
6 12 28 83.79
7 12 39 34.98
8 12 50 19.76
9 16 17 74.26
10 16 28 85.42
11 16 39 40.77
12 16 50 24.60
13 20 17 76.33
14 20 28 86.70
15 20 39 45.74
16 20 50 30.31
The mean response for each factor level is presented in Table 6.12. According
to the delta values, YBT and E33 influence R% most in a decreasing order. This
is also shown in Fig. 6.15 where YBT has the largest variation of the mean value
of the response. Moreover, as shown in Fig. 6.15, decreasing the level of E33 and
increasing the level of YBT results in minimising the R%. It should be noted that,
based on data shown in Fig. 6.15, increasing the level of YBT from the first to
the second level results in enhanced R%. However, then the trend changes and
increasing the level of YBT results in reduced R%.
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Figure 6.15: Mean value of response for each factor in parametric study of 60◦
on material properties linked to strength.
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6.5 Effect of 3D stresses on bend-free design
The bend-free governing equation, as presented in Eq. 4.18, is formulated only
based on 2D strains and stresses. However, it can provide insight to compare
the through-thickness stress (σ33) in bend-free structures against unidirectional
composite structures. To this end, σ33 in each layer is plotted in Fig. 6.16 for the
bend-free VAT structure and unidirectional composite structures.
As demonstrated in Fig. 6.16, σ33 has the smallest values and variation through-
out the structure for the bend-free VAT structure. This means that the stress is
more uniformly distributed through the structure. Furthermore, for the bend-free
VAT structure, the through-thickness stress does not show a significant variation
for all layers through the structure. However, this is not valid for all locations in
unidirectional composite structures.
Comparing σ33 (see Fig. 6.16) with the maximum allowable internal pressure (see
Fig. 6.5), it can be concluded that structures with the more uniformly distributed
σ33 carries the largest amount of internal pressure. Consequently, the bend-free
VAT structure, 60◦, 90◦, 30◦ and 0◦ structures carry the largest internal pressure,
respectively.
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Figure 6.16: Through-thickness stress, σ33, plots in ϕ direction.
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6.6 Conclusions
In this chapter, the failure performance of bend-free composite pressure vessels
as a potential application for the proposed structurally-efficient super ellipsoidal
shell structures was investigated. Therefore, the first-ply failure performance of
the bend-free composite pressure vessels were compared against the first-ply fail-
ure performance of their conventional constant stiffness composite counterparts.
According to the literature as discussed in Chapter 2, depending on the ap-
plication, Tsai-Wu criterion overpredicts or underpredicts the failure pressure.
Therefore, in this chapter, more detailed failure study was performed using the
three-dimensional invariant-based failure criterion that also considers out-of-plane
strains and stresses. It should be also noted that in laminated pressure vessels
through-thickness stresses can exhibit large values.
FEA was taken to assess the failure performance of structures. Using the sub-
modelling technique in ABAQUS, the 3D stress and strain states were obtained
efficiently and used to evaluate the failure performance. Results suggest that the
bend-free VAT composite vessel has the largest value for the first-ply failure pres-
sure among all the studied structures considering both failure criteria. However,
considering the 3D stress and strain states using the three-dimensional invariant-
based failure criteria, the predicted failure pressure is reduced on average about
30%.
Parametric studies were performed using the Taguchi design of experiments to
investigate the influence of variety of material properties on the difference of the
failure pressure predicted by two criteria. Results suggest that E33, ν23, ν13, G13
and G23 are, in decreasing order, most influential material properties in the differ-
ence of the failure load predicted by the three-dimensional invariant-based failure
criterion and the Tsai-Wu criterion. Strength loss can be reduced by increasing
G13 and G23 and decreasing E33, ν23 and ν13.
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Another parametric study showed that YBT has the most significant effect on the
difference of failure pressure based on two criteria and increasing its levels results
in decreasing the strength loss. Finally, a parametric study was performed on
the most influential out-of-plane material properties E33 and the most influential
material properties linked to the strength YBT . Results showed that the strength
lost is mainly affected by YBT . Moreover, increasing YBT or decreasing E33 results
in decreasing the strength lost.
The parametric studies that was performed in this chapter provided physical in-
sight for designers that can be useful in material selections. As such, designers
where possible can give priority to YBT , E33, ν23, ν13, G13 and G23, respectively.
Moreover, materials with larger YBT , G13 and G23 and smaller E33, ν23 and ν13
are of interest.
In Section 6.5, through-thickness stresses (σ33) were plotted in ϕ and θ directions
for both bend-free composite vessels and conventional constant stiffness composite
vessels. Although, out-of-plane stresses have not been considered in the bend-
free design methodology, results showed more uniform distribution of σ33 over the
bend-free composite vessels in comparison with the constant stiffness composite
vessels. Taken together, Findings suggested that the uniform distribution of σ33





In this thesis, an analytical methodology to suppress bending stresses in a family
of structures, known as super ellipsoids of revolution, under internal pressure was
presented. The main points of this research are summarised in this chapter. A
review of the research objectives as outlined in Chapter 1 are now presented in
Section 7.1. The overview of contributions of this thesis are explained in Section
7.2. Finally, some directions for future work are recommended in Section 7.3.
7.1 Review of research objectives
Shell structures can efficiently carry external transverse loads by internally gen-
erating membrane stresses in conjunction with some inefficient bending stresses.
Bending stresses result in waste of materials around the neutral plane that pre-
vents realising the structure’s full load-carrying potential. Structures in which
the bending moments and curvature changes are simultaneously suppressed are
termed bend-free structures.
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The main objective of this dissertation is to develop a bend-free design method-
ology to tailor the stiffness properties in a family of non-circular shell structures
known as super ellipsoidal shells using the VAT technique. In this way, the
in-plane stress gradient can be redistributed through the thickness of shell struc-
tures to be more uniform. Therefore, the overall load carrying potential of the
structure increases accompanied by a significant weight reduction. The weight
reduction in bend-free structures provides some subsequent benefits in the ap-
plications related to transportation industries. This study aims to develop the
bend-free design methodology in general form that makes it suitable for a variety
of dimensions and aspect ratios.
The bend-free design imposes an additional condition to the equations represent-
ing the mechanical behaviour of the structure that need to be satisfied. In this
research, stiffness is tailored by using the VAT technique to satisfy the bend-free
condition. Tailoring the stiffness by varying the fibre orientation spatially through
the structure is an emerging technique that provides scope not only to benefits
from using composite materials, e.g. high strength and weight reduction but also
to tailor the stiffness to obtain a desired structural performance. Moreover, by
using the VAT technique, it is possible to eliminate changes in the geometry and
increased weight due to the thickness variation method used to have bend-free
structures.
Furthermore, the research aims to develop a bend-free criterion in order to as-
sess the bending states in structures. A particular focus is placed to verify the
analytical bend-free design methodology. In this respect, the research compares
bending states for super ellipsoidal shell structures against the bending states in
their isotropic counterparts with ABAQUS (Smith, 2017).
Non-circular shell structures under internal or external pressure are widely used
in several engineering applications. They have large packing efficiencies that is
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appealing for many applications. However, these structures generate inefficient
large bending stresses and strains. Advantages of bend-free design can be utilised
to obtain efficient lightweight pressure vessels that can be potentially used as fu-
ture pressure vessels. Therefore, in this research a particular attention was given
to bend-free super ellipsoids of revolution pressure vessels.
Finally, the research assesses the failure performance of the proposed bend-free
design structures as the most important factor in designing pressure vessels. In
this regards, the first-ply failure pressure of bend-free designed pressure vessels
was compared against those with conventional unidirectional composite vessels
using different failure criteria.
7.2 Research Contributions
The main original contribution of the work presented in this thesis can be sum-
marised in four categories and are addressed as follows.
7.2.1 Bend-free design methodology
Bend-free design methodology for a family of structures called super ellipsoids of
revolution was developed. As described in Section 3.3, super ellipsoids of revo-
lution provide advantages regarding the packing efficiency. In these structures,
depending on their shape parameters, their packing efficiency can reach values
as large as 80%. This is due to the fact that they can asymptotically approach
cuboid shapes. Moreover, in this family of structures the geometrical curvature
varies smoothly throughout the structure which results in small stress gradients
and therefore prevents stress concentrations. Super ellipsoids of revolution are
integrated and blended that reduces the costs and difficulties associated with as-
sembly processes and using joints.
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A set of governing equations dictating bend-free states in super ellipsoids of revo-
lution were presented in the general form. The stiffness in the governing equation
was expressed efficiently in forms of lamination parameters and material invari-
ants. The bend-free governing equations were subsequently solved analytically
for stiffness tailoring to determine the required stiffness distribution throughout
the structure. Fibre steering is used to obtain the stiffness distribution in super
ellipsoids of revolution with different shape parameters.
With this aim, firstly, the lamination parameters, which represent the stiffness
distribution, are extracted from solving the bend-free governing equation for each
location in the structure. Secondly, the obtained lamination parameters are trans-
formed to the fibre direction design space using the least-squares optimisation
procedure. It was shown that based on the shape parameter of super ellipsoids of
revolution and the chosen material properties, a minimum allowable aspect ratio
exists for the super ellipsoids of revolution below which a totally bend-free state
is not achievable.
7.2.2 Bend-free criterion and numerical verification
A bend-free criterion to assess the bending states in structures, independent of the
amount of internal pressure, was introduced. The proposed criterion was devel-
oped considering the definition of the bend-free state that curvature changes and
bending moments should be simultaneously suppressed in the structure. There-
fore, the criterion was formulated to measure both curvature changes and bending
moments in the structure.
FEA, using commercial software ABAQUS, were performed to obtain the stresses
and strains state in super ellipsoids of revolution with different shape parameters.
The obtained strains and stresses are subsequently used to assess the bending
states using the proposed bend-free criterion. To provide a better understanding
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about the validity, the bending states of the bend-free VAT designed super ellip-
soids of revolution were compared with their corresponding isotropic counterparts.
Results suggest that the internal pressure induced bending stresses in the struc-
tures can be considerably reduced by stiffness tailoring using the proposed design
method. In other words, the variation of stresses through the thickness, repre-
senting the bending moment and the variation of strains through the thickness,
representing the curvature changes are reduced in the bend-free VAT designed
structures.
7.2.3 Failure performance of bend-free pressure vessels
In order to provide insight into the bend-free design, the failure performance of
the bend-free VAT structure was assessed using the first-ply failure based on both
Tsai-Wu and three-dimensional invariant-based failure criteria. The failure per-
formance of the bend-free VAT designed structure was then compared with its
conventional unidirectional composite counterparts.
Results revealed a significant improvement of the failure pressure for the bend-
free VAT designed structure in comparison with their conventional unidirectional
composite counterparts. This is due to the fact that in the bend-free VAT de-
signed structure, the strains and stresses are redistributed uniformly through the
thickness. Therefore, the full load carrying potential of the structure is exploited.
It should be noted that in such structures the through-thickness stresses can
have large values. Therefore, a relatively new state-of-the-art failure criterion
that also considers through-thickness stresses was used in this research. Results
showed that the first-ply failure pressure predicted by the Tsai-Wu failure crite-
rion is on average around 30% larger than that predicted by the three-dimensional
invariant-based failure criterion. However, the bend-free VAT designed structure
has still the best performance among all studied structures.
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Comparing the through-thickness stresses (σ33) for the bend-free VAT designed
structure with its counterparts conventional composite structures revealed that
the structure with smaller σ33 gradient has better failure performance.
A parametric study was performed to indicate the physical insight useful for the
material selection process which assess the effects of material properties on the
difference of the failure load predicted by two failure criteria. Results suggested
that E33, ν23, ν13, G23 and G13 are the material stiffness properties in the de-
creasing order that most affect the difference of failure load predicted by two
failure criteria. Moreover, it can be concluded that decreasing E33, ν23 and ν13
and increasing G23 and G13 can result in reducing the loss of strength.
The three-dimensional invariant-based failure criterion uses additional material
properties linked to the strength compared with the Tsai-Wu failure criterion.
The performed parametric study on these additional material properties sug-
gested that YBT has the largest influence and increasing it reduces the loss of
strength.
Finally, the strength loss was studied by performing a parametric study consid-
ering the effects of the most influential out-of-plane material stiffness property
E33 and the most influential material property linked to the strength YBT . Based
on the results, YBT has the most significant effect on strength loss and increasing
YBT and decreasing E33 values results in minimising the strength loss.
Results obtained in performed parametric studies can provide useful insight for
designers when selecting the material properties for shell structures such as pres-
sure vessels. Based on the findings, where possible, designers can select materials
by prioritising YBT , E33, ν23, ν13, G13 and G23, respectively. In particular, mate-
rials with larger YBT , G13 and G23 and smaller E33, ν23 and ν13 are of interest.
Results obtained in this research revealed advantages of the bend-free VAT design
for the future pressure vessels.
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7.3 Future Work
As concluded in Section 7.2, the proposed bend-free design methodology is a ro-
bust design framework that results in structurally-efficient composite shell struc-
tures which provides advantages in comparison with the conventional unidirec-
tional composite structures. In particular, results in Chapter 6 showed an im-
provement of 227% is potentially achievable for the maximum pressure to weight
of the bend-free design VAT structure based on the first-ply Tsai-Wu failure
criterion compared to its best constant stiffness counterpart (60◦). This fail-
ure behaviour was also confirmed by using the three-dimensional invariant-based
failure criterion where an improvement of 236% was obtained. The exceptional
failure performances and the mass reduction associated with the bend-free design
make them an appealing solution for designing the next generation of pressure
vessels.
However, in reality, manufacturing a doubly-curved composite laminated struc-
ture using AFP technology causes thickness variations due to the gaps and over-
laps. To be more specific, the thickness and the fibre orientation are nonlinearly
coupled based on the location in the structure. The thickness variation affects
the stiffness and subsequently can influence the bending performance of the man-
ufactured composite structure. Therefore, further research should be undertaken
in order to consider the effects of the thickness variation due to the presence of
gaps and overlaps.
Furthermore, another manufacturing constraints using AFP technology is the
minimum radius of curvature of tow steering that is not considered in the cur-
rent bend-free design methodology. However, considering these manufacturing
constraints and removing the current simplifying assumptions would be a fruitful
area for future research and will bring about greater applicability.
The bend-free design methodology presented in this research has been verified
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numerically for several structures. The bend-free VAT pressure vessels need to
be manufactured and further research should be undertaken to experimentally
verify the obtained results. Finally, in this research, the bend-free methodology
was developed for a family of structures known as super ellipsoids of revolution.
The bend-free design methodology can be extended for more complex geometries
such as structures with non-circular cross sections in all planes, e.g. cubic shapes.
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IJsselmuiden, S. T., Abdalla, M. M. and Gürdal, Z. (2010), ‘Optimization of variable-
stiffness panels for maximum buckling load using lamination parameters’, AIAA
Journal 48(1), 134–143. 11, 29, 40, 41
IJsselmuiden, S. T., Abdalla, M. M., Seresta, O. and Gürdal, Z. (2009), ‘Multi-step
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